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Abstract. In here we define the concept of fibered symmetric bimonoidal cate- 
gories. These are roughly speaking fibered categories K : V ^ C whose fibers are 
symmetric monoidal categories parametrized by C and such that both T> and C have 
a further structure of a symmetric monoidal category that satisfy certain coherences 
that we describe. Our goal is to show that we can correspond to a fibered symmetric 
bimonoidal category an i?oo-ring spectrum in a functorial way. 



1. Introduction 

The goal of this paper is to study in general what we denote by fibered symmet- 
ric bimonoidal categories. These are fibered categories A : D ^ C, such that T) 
and C are topological categories and such that each fiber T>c has the structure of a 
symmetric monoidal category ("Dc; ®ci Oc)- In addition, both T) and C are symmetric 
monoidal categories, (P, (g), 1) and (C, (S>1), and the functor A is a continuous sym- 
metric monoidal functor. The operations ® and ®ci are compatible in the sense that 
they satisfy some coherences. These coherences are similar to those satisfied by a 
symmetric bimonoidal category plus some new coherences that we require. (For the 
precise definition see Definition 1 below). We show that given a fibered symmetric 
bimonoidal category, we can correspond an E'oo-ring spectrum in a functorial way. 

Our motivation to study fibered symmetric bimonoidal categories comes from an 
attempt to produce a geometric based model for elliptic cohomology. In [9], Hu 
and Kriz proposed a construction of an elliptic cohomology type spectrum based on 
a concept that they referred to as elliptic bundles. These are defined to be stringy 
bundles on a fixed elliptic curve that are invariant under translations. Roughly speak- 
ing, a stringy bundle is a holomorphic analogue of Segal's elliptic objects (see [9] for 
definitions). The category of elliptic bundles and isomorphisms between them is a 
symmetric monoidal category under a product ®. One difficulty in the construction 
of [9] is, that as defined, there is no obvious way to add elliptic bundles. Hu and Kriz 
get around this inconvenience by using some machinery from homotopy theory. In 
[5], Gomez, Hu and Kriz propose a geometric model of elliptic cohomology using a 
modified version of stringy bundles over C with compact supports. This produces an 
example of a fibered symmetric bimonoidal category which is our motivating exam- 
ple. More precisely, our main motivation for studying fibered symmetric bimonoidal 
categories is the following construction. Let C be the SPCMC of worldsheets over the 
stack of finite dimensional complex manifolds. Given a Riemann surface X we can 
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associate a SPCMC Cx (sec [5] for the definition). We have the topological category 
A of conformal field theories (CFT's) on C which is a fibered symmetric bimonoidal 
category over the discrete category A4J^ of modular functors over C. In addition, we 
have the topological category B of CFT's Cc over modular functors puUback from C. 
This is also fibered symmetric bimonoial category. Using the machinery that we de- 
scribe here we can correspond to this data, two Eoo-Ting spectra Sa and Sb, together 
with a map of spectra (p : £a ^ ^b- The fiber of this map is our proposed elliptic 
cohomology type spectrum. (See [5] for more details). 

We begin our study of fibered symmetric bimonoidal categories by first studying 
the discrete case; that is, we first study the case where all the structure insight is 
discrete. By applying a streefication process we show that in general a discrete fibered 
symmetric bimonoidal category can be replaced by an equivalent fibered category 
A : — > such that (P*, (8), 1) and (C*, (g), 1) are permutative categories and 

. jys ^ Qs ^ strict map. In addition for every object c of the fibers 
have the structure of a permutative category {T>1, ©,., Oc). We also have distributivity 
maps satisfying coherences similar to those satisfied by a bipermutative category. 
Thus A* : ^ is what we call a discrete fibered bipermutative category. (See 
Definition 6 below). 

In general, having a fibered category A : D — > C is equivalent to having a con- 
travariant lax 2-functor C°'^ — > Cat and the latter can be replaced by an equivalent 
functor C"^ Cat. This is shown for example in [16, Sections 3.1.2 and 3.1.3]. We 
use this idea as our starting point. Thus we can correspond to a fibered bipermutative 
category A : D — * C, a functor P, where P is the category of small permu- 

tative categories. However, in order to capture the multiplicative structure present 
we need to enlarge the category C^. Thus given a fibered bipermutative category 
A : D — > C we consider the permutative category A that is defined as the wreath 
product category Inj J (C^)*, for a functor 

(C"P)* : Inj ^ P. 

We show that given a fibered bipermutative category A : D — C, we can correspond 
a functor \1' : ^ — > P. This functor preserves the multiplicative structure in the sense 
that for objects u and v of A, we have a functor 

®u,v ■ ^{u) X ^{v) ^{U V) 

that satisfies certain conditions. (These are conditions (c.l) — (c.l4) of Theorem 25). 

The functor \E' : ^4 — > P induced by a fibered bipermutative category motivates 
the study in general of the category of functors £ — > P, where (£, 0, 1) is a general 
permutative category. We define a multicategory structure on the this category. This 
is a special case of a more general construction; that is, if Al is a multicategory, 
then we show that we can find a multicategory Ai^ whose objects are the functors 
S A4. In addition, we show that for the functor ^ : ^ ^ P induced by a 
fibered bipermutative category the additional multiplicative structure given by the 
permutative structure on V and the coherences gives rise to an enriched multifunctor 
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over Cat 

Ti : EE^ P"^. 

Here i?E* is the category valued operad, whose vahie at A; > 0, is the translation 
category EH^ that has as object set and there is only one morphism between any 
two objects of ET,k- 

We also show that given an enriched multifunctor !F : M.i — > between two 
multicategories A^i and Ai2 enriched over Cat, then composition with JF gives rise 
to a multifunctor : M.f A^f . In particular, if we take the multifunctor K : 
P — > E<S defined by Elemendorf and Mandell [4, Theorem 1.1], we get a multifunctor 
: P^ — > TiS^ . By composing the multifunctors Ti and i^* in the case of £^ = ,4, we 
obtain a multifunctor T : ET^, TiS"^. In addition, we show that in general, given 
a multicategory A4 enriched over simplicial sets, then the positive model structure 
on E»S can be lifted as to get a closed model category structure on the category of 
multifunctors M. T,S^ . We use this model structure to show that a multifunctor 
T : ET,^ — > E(S^ can be rectified as to obtain a multifunctor T' : * — > EiS^. It turns 
out that having such a multifunctor is equivalent as having a lax map S E»S. Thus 
in the case of A, we obtain a lax map 1^ : A ^ E5. 

We have a canonical map W : A ^ that is a strict map. Using the model 
structure mentioned above, we show that this map induces, via a left adjoint in a 
Quillen adjunction, a lax map : — > EiS. In a similar way, we show that such 
a functor gives rise to a lax map (j)' : {C'^)~^C'^ —>■ E(S. In particular, the image 
of the unit give us a strictly commutative symmetric ring spectrum. The outlined 
construction is functorial, thus we obtain a functor 

where is the category of discrete fibered categories and TCTZS is the category of 
strictly commutative symmetric ring spectra. 

Finally, given a topological fibered category, by applying the singular functor, we 
can see it as a simplicial fibered category; that is, given a topological fibered category 
we correspond a functor 

and by composing this functor with the functor Z we obtain a simplicial commutative 
ring spectrum whose realization is the desired spectrum. 

A big part of this work was inspired from the ideas of Elmendorf and Mandell 
in their beautiful work [4] and [3]. Some propositions and theorems here are direct 
adaptations of their ideas to our settings. Also I would like to thank Igor Kriz and 
Po Hu for all their help and useful comments throughout this work. 

2. From fibered symmetric bimonoidal categories to fibered 

bipermutative categories 

In this section we define fibered symmetric bimonoidal categories and fibered biper- 
mutative categories. Then we show, using a standard procedure in category theory, 
that every fibered symmetric bimonoidal category can be replaced by an equivalent 
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fibcrcd bipermutativc category. The latter will be used as input for the machine that 
we construct and that produces an Eoo-nng spectrum. 

Definition 1. A discrete fibered symmetric bimonoidal category is a fibered category 
A : V ^ C, (see Definition 10), where (D, 0,1,7®) and (C, ®, 1,7®) are two small 
symmetric monoidal categories and A is a symmetric monoidal functor. In addition, 
for each object c ofC, the fiber Vc has the structure of a symmetric monoidal category 
(Dc! ©c, Oc, 7®). These structures are compatible in the sense that we have natural 
distributivity maps 

: {x(^y)® {x' y) ^ (x © x') O y, 

d'' : {x IS) y) ® {x ® y') ^ X (g) {y ® y), 

defined whenever x and x' , y and y' are in fibers T>c, 'Dd respectively. The mor- 
phisms d^ and d^ and are morphisms in V^^isy) — K{{x®x')®y) ■ C'^^o have natural 
isomorphisms 

:0c © a; ^ p'^: x x'^ 

A* :Orf ®x^ Orf^c, : a; (g) Orf ^ Oc®d, 

for an object x in T>c. We require similar coherences than those described by Laplaza 
for symmetric bimonoidal categories as described in [10] to hold whenever they make 
sense with the zero and null morphisms replaced by the above morphisms. In addition, 

we can add morphisms in V over a same morphism in C; that is, given morphisms 
a : X ^ y and (3 : x' —>■ y' with A{a) = A(/3) = /, for f : c d, then we can find a 
morphism 

a® (5 : X® x' ^ y ®y\ 

with A{a® (3) — f . In the case that f — idc, then a ® (5 — a ®c We require the 
following diagrams to be commutative: 

x®x *- y®y 



x' ®x — ^ y ®y 

{x © x') © x" ^ {y © y') © y" 

X © (x' © x") ^ y © (y © y ) 

Also, given any morphism f : c ^ d in C we can find a morphism Of : Oc — > 0^ over 
f such that 

X © Oc ^ y®Od 
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The morphisms Oj's are defined in a functorial way; that is, given f : c ^ d and 
g : d ^ e morphisms in C, then Ogo/ = Og o 0/ and if f = id : c —>■ c, then Oj^^ = idg^. 

Remark 2. The naturality statement for all the morphisms in the above definition 
means naturality whenever this makes sense, for example for the distributivity mor- 
phisms d'' and d^, the naturality means that given g : x ^ Xi and g' : x' —>■ x[ 
morphisms over f : c ^ c' and a morphism h : y y' over f : d ^ d' , then the 
following diagram is commutative 



{x ®y) ® {x' ® y) 



{x ®x')<S)y 



(xi (g) yi) e ix[ ® vi) {xi e x[) ® yi 

a- 



and similarly for d^ . 

Remcirk 3. IfC is the trivial category with only one object and one morphism, then a 
discrete fibered symmetric bimonoidal category over C is just a symmetric bimonoidal 
category. 

In the case of symmetric bimonoidal categories, it is convenient to work in a more 
rigid scenario by requiring the operations in sight to be strictly associative and to 
have strict units. Similarly, we have a strict version of a fibered symmetric bimonoidal 
category. We call these fibered bipermutative categories. Before giving the precise 
definition, we recall the definition of a permutative category. 

Definition 4. A permutative category consists of a category C, a functor ® : C xC ^ 
C that is strictly associative, a strict unit 1; that is, x®l = l = l®x for all objects 
X and a natural isomorphism x®y^y®x such that the following diagrams are 
commutative 




X ®y ® z 3- z ® X ®y 




X ® z ®y. 



We have three different notions of morphisms between permutative categories that 
will be useful for us. Suppose that {V, ®, 1) and {£, ®, 1) are permutative categories, 
then: 
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A functor f : C ^ V is said to be a strict map if /(x (8) y) = f{x) f{y), 
/(I) = 1 and 

m 

f{y ® x) f{y) (g) f{x) 
is a commutative diagram. 

A functor / : C — > D is said to be a lax* map if /(I) = 1 and there exists a 
natural transformation 

X = Xf:f{x)(^f{y)^f{x^y) 

such that A = id whenever x = 1 or y = 1 and the following diagrams are 
commutative 

fix) f{y) ® f{z) ^ fix) ® f{y ® z) 



A0id 

f{x®y)®f{z) 



f{x ®y®z), 



fix) f{y) 

7 

fiv) ® fix) 



■ fix <S> y) 

m 

fiy®x). 



• A functor f : C ^ V is said to be a lax map, if we can find a map 77 : 1 — > /(I) 
and a natural transformation 

A = A/ : fix) /(y) ^ /(x ® y) 

such that the following similar coherences are satisfied together with those 
coherences involving the unit. 

Prom now on we will denote by P the category whose objects are the small permu- 
tative categories and whose morphisms are the lax* maps. This category P will play 
a crucial roll throughout this work. 

Definition 5. A bipermutative category is category that has two permutative category 
structures (C, ©, 0, 7®) and (C, 0, 1,7*^) . These satisfy that x<S>0 — — 0<S>x and we 
have natural distributivity isomorphisms 

: ix<^y)® ix' y) ^ (x ® x') (g) y, 
d'' : ix ® y) e ix y') ^ X iy ® y), 
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that satisfy the following coherences: 



(a.l) 



{x®y)® (yx' ®y)® {x" ® y) ^ {{x © x') (g) y) ® {x" (g) y) 



id(Bd' 

{x®y)® {{x' ®x") 



(a.2) 



S 



{x®x' ® x") ® y, 



(x (g) y) © {x' (g) y) > {x © x') (8) y 



{x' ® y) © (x © y) {x' ®x)(g)y, 



(a.3) 




X (B x') ^ y ® z 



{{x^y)®{x' ^y))^z 



are commutative diagrams. Also we have similar commutative diagrams with re- 
placed by d^ . Also the following diagrams are commutative: 



(a.4) 



{x®{y® y')) © {x' © (y © y')) 
© y) © (x © y') © {x' © y) © {x' © y') 

(x © y) © [x' © y) © (x © y') © [x' © y') 




(x©x') © {y®y'), 




{{x © x') © y) © ((x © x') © y') 



(a.5) 



(a; © y) © (x' © y) 



(a; © a; j © y 



(y © x) © (y © x') — y © (x © x') 



Definition 6. A fibered category A : V ^ C is said to be a fibered bipermutative 
category if it satisfies the following properties: A : T> ^ C is a filtered category such 
that {V, ©, 1) and (C, ©, 1) are small permutative categories and A : V ^ C is a strict 
map. In addition, we require that the fibers of A have an additional structure of a 
permutative category {Vc, ©c, Oc7®) • We assume that x © 0^ = Oc^d and Oc<S>y — Oc^d 
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for all objects x and y of and respectively. We also require the operations 
® and (Be to be compatible in the sense that we can find natural distributivity maps 
which are isomorphisms 

: (x (g) y) © {x' O ^ (x © x') © y, 
d'' : {x (g) y) ® {x (g) y') ^ X (g) {y ® y), 

that are defined for objects x and x' , y andy' ofD^ andV^' respectively. The distribu- 
tive maps are required to be maps in the category 'Dc(^c' and also to satisfy the coher- 
ences (a.l) — {a. 5) where they make sense. We name these conditions (6.1) — (6.5). 
In addition, given g : x ^ y and g' : x' ^ y' morphisms over f : c ^ c' , then we 
require the existence of a morphism g ® g' '. x ® x' ^ y (By' defined in a natural way; 
that is, if we have morphisms h : y ^ z and h' : y' ^ z' over f : d ^ c" , then the 
following diagram is commutative 



(b.6) 



y®y' 




In the case that f — id : c 
to be associative; that is, 

(b.7) 



h®h' 

c, then g (B g' = g 



g' . Also, we require this addition 



{g © g') ®g" ^g® {g' © g") 



for morphism g,g' and g" over f . Moreover, we need the following diagram to com- 
mute 



(b.8) 



, 9®9 

X® X ^ y 



9'®9 , 

x' ®x ^ y e y. 



Finally, for each morphism f : c ^ c' in C we can find a morphism Of : Oc ^ ^c' over 
f , defined in a natural way in the sense that if f : c' c" is another morphism in C 
then 0// o 0/ = 0//o/ and the Of satisfy that 



(h.9) 



g 



•g- 



Of = g = Of 

If f = id : c ^ c, then Oj^ = id^^ . Note that the naturality of the distributivity 
morphisms and d^ means that given g : x ^ Xi and g' : x' ^ x'^^ morphisms over 
f : c^ d and a morphism h : y ^ y' over f':d^ d' , then the following diagram is 
commutative 



(b.lO) 



X ®y ® x' ®y 



{x ®x')®y 

{9®9'Wl 

xi<g)yi® x[ (g) yi — {xi ® x[) <S> yi 
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and similarly for (T . 

Remark 7. A fibered bipermutative category over the trivial category is just a biper- 
mutative category as defined above. 

For symmetric bimonoidal categories, it is well known that every symmetric bi- 
monoidal category is equivalent to a bipermutative category. In our case this is also 
true; that is, every fibered symmetric bimonoidal category is equivalent to a fibered 
bipermutative category. We show this in the following theorem. 

Theorem 8. Given a fibered symmetric bimonoidal category A : V ^ C, we can 

find equivalent categories and together with a functor A'^ : T)^ ^ C that is 
a fibered bipermutative category. Moreover, there are equivalences $' : C ^ C'^ and 
Q' : V ^ V that are symmetric monoidal functors, and such that the following 
diagram is commutative 

G' 




Proof: To begin, let us replace the symmetric monoidal category C by an equivalent 
permutativc category C*. This is an standard construction in category theory. The 
objects of are formal products of the form 

C = CiM---mCn, 

where n > 0. When n = 0, c = () is the empty product. Given such a sequence we 
define 

$(ci K • • • K C„) = Ci (g) (■ ■ ■ (g) {Cn-1 ®Cn)---) 

for n > 0, and for n = we define 

$0 = 1. 

Here 1 is the unit of the symmetric monoidal category (C, (8), 1, 7®). The morphisms 
of are defined in the following way. Suppose 

C = Ci Kl • • • Kl Cn, 

are two objects of C^. Then a morphism / : c ^ d in is a morphism in C 
f '■ ^(c) $(c[). This way we obtain a category and $ : ^ C is an equivalence of 
categories. The inverse $' : C ^ C is defined on objects by $'(c) = c, where on the 
right c is the string of objects of C of length 1. Similarly $' is defined on morphisms. 

Note that is a permutative category. Indeed, the product Kl is given by juxta- 
position; that is, given c and d objects of as before, then 

c K d = ci Kl • • • Kl c„ Kl di Kl • • • K d^. 

Similarly, if / : c — > c' and g ■ d^ d! are two morphisms in C^, then we define 

fMg:cMd^c'^d! 
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to be the following composite in C 

$(c K d) 4 $(c) ® ^d) ^-^^ $(c') ® 4 $(c' K d'). 

Here the outer isomorphisms, are the coherent isomorphisms in C arising from a 
rearrangement of parenthesis in a given product. 

Before continuing we introduce some notation. Given a formal sequence 

of objects of V, then we denote 

A{x) = A{xi M---Mxk) = xi^{---^ {xk-i ®Xk)---). 

Thus A{xiM- ■ -Mxk) is the object of T> obtained by multiplying the elements Xi, Xk 

in a consistent way. 

On the other hand, since A : D — > C is a fibered category, as explained in Theorem 
13, for every morphism / : c — > c' we can correspond a functor /* : Vc' — > T>c in 
such a way that the correspondence c ^-^ T>c, f ^ f* is a, contravariant lax 2- functor 
C Cat. We will fix from now on such an assignment. 

Now we want to replace the category V by an equivalent category V^. The objects 
of X>* will be the set of formal sequences of the form 

X = (Ci K • • • K C„ , (Xi , /i) ffl • • • ffl (^^, /^) ) , 

where n > 0, m > 0, each is a formal product 

= Xji Kl • • • Kl Xiki 

and 

/, :<l>(ciK---Kc„)^A(A(a;J) 

is an isomorphism in C. 
For an object 

X = (Ci K ■ ■ ■ K C„, (a, /l) ffl • ■ ■ ffl {X^, fm)), 

of we define Q{X) in the following way. If m > 0, 

e{x) = /r(A(x,)) e (• • . e (/;_i(A(x_,)) e /;(A(x^)))). 

When m — and n > 0, then X = (ci Kl • • • Kl c„, ) and define 

e(x) = o.,(,). 

Finally, in V"^ we have an object of the form X = ((), 1) which will be the multiplica- 
tive unit and we define 

©((),1) = 1, 

the unit of V. 

Note that Q{X) is a well defined object in D, this is because for every 1 < i < m, 
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each /,*(A(Xj)) is an object in ^^^(c) and addition is well defined on fibers. 
To define the morphisms of we use as follows. Take two objects in 

X = (ci K ■ ■ • Kc„, ix„h) ffl ■ ■ ■ ffl (x^,/™)), 

Y^{d,M---Mdr, (y^, 5i) ffl • • • ffl {y^: Qs))- 

Then a morphism f : X ^ Y in T>^, is precisely a morphism / : Q{X) Q{Y) in V. 
In this way we obtain a category "D*' and we trivially see that : "D* — P is a functor. 
It's easy to see that the : C — >^ D defines an equivalence of categories with inverse 
0' : P — > the functor that for an object x of X>c corresponds 0'(x) = (c, (x, idc)). 

We continue now with the definition of the functor A* : — > C*. Given an object 
of V 

X={c^m---MCn, fe, /l) ffl • • • ffl {X^, fm)), 

define 

A"(X) =ciK---Kc„. 

If / : X — > y is a morphism in V^, then / : 0(X) — > 0(y) is a morphism in V and 
thus A(/) : A(0(X)) = $(A^(X)) ^ A(0(y)) = $(A^(y)) is a morphism in C. We 
define then 

A1/) = A(/)- 

We want to see that : ^ satisfies the required properties. To begin, note 
that by the definition we can easily see that 

G' 

V ^V^ 

A" 



is a commutative diagram. 

Our next step is to show that each fiber has the structure of a permutative 
category. Suppose then that 

X = (Ci K • • • K C„, (Xi, /i) ffl • • • ffl (x^, /^)), 

Y={c^m---mcr,,{y^,gi)m---m{y^,g,)) 

are two objects in the fiber V^. Define 

X ffl, r = (ci K ■ ■ ■ K c„, ffl ■ ■ ■ ffl {x^Jm) ffl {y^.9i) ffl ■ ■ ■ ffl {y^.9s)). 

We want to see that this defines a permutative category on P^. First of all, it is clear 
that fflc is strictly associative. In addition, if we denote by 

Oe = (ci K ■ ■ ■ K c„, ) 

then it is clear that 0, is strict unit for ffl,. We need to find a symmetry isomorphism 
7®. Given objects X and Y in the fiber T>1 as before, then we define a symmetry 
isomorphism 

7,= :Xffley^yfflcX 
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to be the composite 

e(x m,Y) ^ e(x) © e(F) "'^i^'-^^-^^^-" e(y) ^ 0(x) ^ e(F m,x) 

where the outer isomorphism are the coherent isomorphisms in I^$(c) coming from 
the associativity of ®$(c). Then using some coherent theory it follows that each 
(D^, fflc, Oc, 7^) is a permutative category. 

Let us show now that the category has the structure of a permutative category 
under a product Kl. We begin by defining the functor Kl. Suppose then that 

X = (ci K ■ ■ ■ K c„ , (xi , /i ) ffl ■ ■ ■ ffl /„) ) , 

Y^{d,m---mdr, {y^, 5i) ffl • • • ffl {y^, Qs)) 

are two objects of T>^ with n,m,r,s > 0. We define 

xmv ^ 

(ci K • • • K c„ K di K • • • K d„ (xi K y^, /i K yi) ffl • • • ffl (xi K y^, /i K y,)ffl 
Here, if 

= Kl • • • Kxifci, 

then 

X, M = xa H • ■ ■ K x^^^ K y.i S ■ ■ ■ S ., 
and fi Kl g(j is defined to be the composite in V 

$(c K d) 4$(c) A(A(xJ) A(A(yp) ^ 

A(A(a;,)®A(^p)4A(AfeKyp). 

The outer maps are the ones obtained by a rearrangement of parenthesis. Also we 
we define 

for all objects X of X>*. Finally, if X is any object in D^, then 

Od^X^OdMc 

In a similar way we define Kl on morphisms of X>*. 

Let us show that this defines a permutative category on V^. We begin by checking 
the associativity property. Suppose that 

X = (ci K • • • K c„, , A) ffl • • • ffl (x^, /^) ) , 

Y^(d,^---Mdr, (y^, ^i) ffl • • • ffl (y^, Qs)), 

Z = (ei K • • • K e,, (^1, /ii) ffl • • • ffl U„, ha)) 
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are three objects of T)^. Then by definition we have that 

{XMY)MZ ^ {c^dM e,{xi My^m z^, (/i K gi) K hi)S 

■■■m{x^My^Mz,, (U^gs)^ha)), 

XM{YmZ) = {cMdme,{x^My^Mz^,fiM{giMhi))m 

■■■mix^My^Mz,,UMig,Mha))) 

so the only question to be answered is whether or not {fuMgv)^hm and 

agree for all u, v and w. But these morphisms agree by coherence. Thus Kl is strictly 

associative. By definition , ((), 1) is a strict unit for IE. 

We construct now a symmetry isomorphism 7^ : X Kl y — > y Kl X. To do so, take 
objects of of the form 

X = (ciK---Kc„,(x,/)), 
Y^{d^M---Mdr,{y,g)) 



where 



We will define first the symmetry isomorphism in this case 

: XMY ^YmX. 

By definition, we have that 

Q{XMY)^{fMgy{A{xMy)), 

Q{YMX)^{gmfy{A{yMx)). 
We want to define a natural isomorphism 

7^, : (/ M gy{A{x m yj) ^ {gM fy{A{y M x)). 

By definition of a fibered category, there is a unique morphism 7^'^ making the fol- 
lowing diagram commutative 



{fMgy{A{xMy)) 



A{xMy) 



$(c m d) 



{gmfy{A{ymx)) 





K{A{xmy)) 



^{d K c) 



gW 



-A(A(7^)) 

A(A(yKx)) 
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Because of the uniqueness condition, the morphism 7^'^ is natural and satisfies the 
required coherences. We extend the definition of the 7^ to all the objects of T)^ in 
the following way. Suppose that 

X =(C1 M---MCn, {X„ /l) ffl ■ ■ ■ ffl /„)), 

Y =(rfi K ■ ■ ■ K 4, {y,, ffl ■ ■ ■ ffl (y^, gs)) 
are two general objects of V^. Then we define 7^ to be the composite 



0(x K r) = J] ^(/. m 9,nA{x, m yj) 
i=l j=l 



1=1 j=l j=l i=l 

Here by YliLi J2^j=i ^ij mean the sum with a consistent way of inserting parenthesis 
as before and the unlabeled isomorphism is the isomorphism obtained by rearranging 
the terms of summation using the isomorphism 7®. This way defined we see by using 
some coherence theory that (P*, IE, ((), 1), 7^) has the structure of a permutative 
category. 

Our next step is to construct distributivity maps 

:{X^Y)m {X' MY)^{Xm X') K F, 

d'^ : {xmY)m{XMY') ^ xm{YmY), 

wherever they make sense; that is, for objects X and X' of and Y and Y' of V^. 
By a straight forward computation we can see that 

= id : (X K y) ffl (X' MY) = {Xm X') M Y. 

On the other hand, if we write 

X = (ci K ■ ■ ■ K c„, fe, /i) ffl ■ ■ ■ ffl (x„„ /„)), 
Y = {di^---^dr, {y^, ffl ■ • ■ ffl {y^, gs)), 

y' = (rfis---srf;,(^;,5;)ffl---ffl(£„5^,)) 

then we have that 

XMYmXMY' = 

(c M d,ix, K y^, /i K ffl • ■ ■ ffl (x„, m y^, fm M gs) 

m{x,my;^j,mg[)m---m{x^^ Jm^g's')) 

and 

X K (y ffl y') = 

(c K dXx, K y^, A K ^1) ffl • • • ffl {x, K y;„ /i K ^^,) 

ffl (x^ K^i) ffl • • • ffl {x^my;^,JmMg'^,)). 
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Thus we define 

d"^ : {X mY) m {X ^Y') ^ X ^ {Y m Y) 

as an iteration of ^y^^- By a trivial but long computation one can see that these 
distributivity maps are natural and satisfy the coherences of a fibered bipermutative 
category as in Definition 6. 

To finish we need to show that we have addition on morphisms in over the same 
morphism in C*. Thus suppose that a : c — > is a morphism in C*' and P : X ^ Y, 
S : X' ^ Y' are two morphism in C over /, where X, X' are objects in V'^ and Y, 
Y' are objects in V^. As noted before, we have a natural coherent isomorphism 

fix,x' ■■ e(x ffl, X') ^ 0(x) © e(x'). 

This isomorphism is obtained by rearranging the parenthesis in the summations. With 
this in mind, we define a BB /? to be the following composite 

e{x m,x') e(x) ® e{x') e(y) ® e(y') e(y m^Y'). 

This way defined we see that ffl is strictly associative and that 

Xm.X'^YS,Y' 

x'm^x^Y' ffl,y 

is a commutative diagram. 

In addition, note that by definition 0(Oc) = 0$(c) and we have a coherent morphism 
0/ : 0$(c) — > 0$(rf) in D, therefore we define a morphism 0/ : Oc — >^ 0^ in to be the 
morphism 0/ : 0$(c) ^^{d) in The coherences satisfied by 0/ in X> imply that 

0/ ffla = a = afflO/. 

Finally, since A : D — > C is a fibered category, it follows easily that A'* : D*' is 
also a fibered category. We conclude then that A* : — > is a fibered bipermutative 
category. This proves the theorem. □ 

3. Fibered categories 

In this section we review briefiy some aspects of fibered categories. In particular, we 
recall the fact that there is a one to one correspondence between fibered categories and 
contravariant functors to the category of small categories. Wc use this construction 
as motivation for our study of fibered bipermutative categories. Indeed, as mentioned 
before, using this correspondence, given a fibered bipermutative category A : V ^ C 
we can assign a functor — > P. However, this functor does not capture all the 
information present in a fibered bipermutative category and because of this we need 
to enlarge the category C°^. Thus we show that for a given fibered bipermutative 
category A : V ^ C we can correspond a functor ^ : ^ ^ P, where ^ is a wreath 
product for a functor (C"^)* : Inj — > P. The category C"^ canonically includes into A 
and under this inclusion, the functor ^ recovers the construction for fibered categories. 
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Moreover, the functor ^ recovers the multiphcative structure on V. 

The goal of this section is to construct the functor We begin by recalhng the 
definition of a fibered category. 

Definition 9. If F : V ^ C is a functor and c an object of C, we denote by V^. the 
fiber F~^{c); that is, the subcategory of T> whose objects are the objects d such that 
F{d) — c and the morphisms are the morphisms mapping to the identity of c. 

Definition 10. A fibered category over C is a functor F : T> ^ C that satisfies the 
following properties: 

• for any morphism f : c ^ c' in C and any object d' of V^', we can find an 
object d ofVc and a morphism g : d ^ d' such that F{g) = f , 

• given any pair of morphisms g : d d' and g' : d" d' in V, let f = F{g) : 
c ^ c' and f : F{g') : c" d their image in C. Then for any f : c" ^ c such 
that ff ~ f , there is a unique morphism g : d ^ d" such that gg — g' and 



In general for a functor F :T> ^ C there is the possibility that there is an isomor- 
phism f : c c' with Vc and V^' not equivalent categories. This does not happen in 
the case of fibered categories as any such isomorphisms / induces an equivalence of 
categories /* : Pc' — l^c- 

Definition 11. Let F : V ^ C be a functor and g : d ^ d' an arrow in V. Take 
g' : d" — > d' in T>, and let f — F{g) : c ^ c' , f — F{g') : c" — > d their image in C. 
We say that g is a cartesian arrow if for any f : c" ^ c such that ff = f, there is a 
unique morphism g : d" ^ d such that gg — g' and F(g) — h. Such a cartesian arrow 
g over f is called a pullback of f . 

This definition is summarized by the following diagram 



Thus a fibered category over C is precisely a functor F : V ^ C such that given any 
morphism f : c ^ d in C and d' any object in Vc', there exists an object d in T>c and 
a cartesian arrow g : d ^ d' such that F{g) = f. 

Example: If u is an object of C, then the comma category C/u is fibered category 
over C by considering 9u : C/u —>■ C defined on objects hj 9u{f '■ v ^ u) = v and if 
: ((yf : w — > m) — > (/ : V ^ ii) is a morphism in C/u; that is, (p : w ^ v is such that 
f(j) = g, then 6'„(0) = (p. 

Definition 12. If F : V ^ C and G : S C are two fibered categories over C, then 
a morphism of fibered categories, (p : V ^ S , is a functor such that F = G(j) and 4> 
sends cartesian arrows to cartesian arrows. 



F{~g) = h. 




f 
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Given two fibered categories F : V C and G : S ^ C, wc denote by }lomc{T>, S) 
the category whose objects are the morphisms of fibered categories (p : T> ^ £. If 
(f),tp : V ^ S are objects in Homc(r', £), then a morphism a : (f) is a. base point 
preserving natural transformation; that is, a natural transformation a such that for 
every object d of V over c, the morphism is a morphism in the category Sc- 

Note that the definition of a fibered category over C states that given any morphism 
f : c ^ c' and any object d' of Vc', then we can choose an object f*d' over c and 
a morphism rj : f*d' — > d' over /. We call such a morphism a puUback of /. The 
morphism 77 is uniquely determined up to composition with an isomorphism in the 
fiber Vc- So for each / and each object d' over c' we can fix such a pullback r] over /. 
Also, if q; : — > e' is a morphism in V^', then by the uniqueness part in the definition 
of a cartesian arrow, we see that there is a unique morphism f*a in the category Vc 
such that the following diagram commutes 

rd' ^ d' 



roc 

re' 



e'. 



This defines a functor /* : Vc' — > Vc- Notice that if / and g are composable morphisms 

in C, then (/(?)* does not necessarily agree with g* f* . However, we can find a canonical 
isomorphism between (/(?)* and g* f* . Thus for a fibered category F : V ^ C, 
and a choice of puUbacks for each morphism / in C, we can associate the following 
correspondence: 

• for an object c of C we associate the category V^ 

• for a morphism / : c — > c' we associate the functor /* : Vc' — > Vc- 

At a first glance it would seem that this defines a functor Cat, but as we just 

pointed out, this is not the case. However, Cat has the structure of a 2-category 
and the previous assignment gives rise to a lax 2-functor and we have the following 
theorem. 

Theorem 13. The above assignment defines a one to one correspondence between 
isomorphism classes of fibered categories with a choice of pullbacks and isomorphisms 
of contravariant lax 2- functors C — > Cat. 



Proof: See [16, 3.1.2 and 3.1.3]. □ 
In fact up to isomorphism, we can replace any given fibered category F : "D — > 
C with an isomorphic fibered category F' : V ^ C such that the corresponding 
assignment — > Cat is indeed a functor. Conversely, given any functor — > 
Cat, we can associate a fibered category F : V ^ C. This defines a one to one 
correspondence between isomorphism classes of fibered categories and isomorphism 
classes of functors Cat. We show this in the following theorem. 

Theorem 14. There is a one to one correspondence between isomorphism classes of 
fibered categories and isomorphism classes of functors — > Cat. 
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Proof: Wc only sketch the proof of this theorem. For the details we refer the 
reader to [16, Chapter 3]. Suppose first that F : D — > C is a fibered category. 
We want to define a functor / : — > Cat. For an object u define f{u) to be 
the category }iomc{C/u,'D). Given a morphism g : u ^ v in C, by composing 
with g we obtain a morphism of fibered categories : C/u C/v. This induces 
f{g) : B.omc{C/v,V) }iomc{C/u,V). It follows easily that this defines a functor 
/ : — > Cat. On the other hand, given a functor / : C"^ — > Cat we can construct 
a fibered category F : D — > C in the following way. The objects of T> are the pairs 
{x,c), where c is an object in C and x is an object in F{c). If {x,c) and (y.d) are 
two such pairs, then a morphism in V from {x,c) to {y,d) is a pair (a,/), where 
/ : c — s> (i is a morphism in C and a : x ^ F[f)y is a morphism in the category F[c). 
If (a,/) : (a;,c) {y,d), {(3,g) : {y,d) {z,e), then 

if], g) o (a, /) := o a, ^ o /) : (x, c) ^ (^, e). 

It's easy to see that this defines a category. In addition wc have a functor F : V ^ C 
that sends a pair {x, c) to c and a morphism (a, /) to /. This makes V into a 
fibered category over C whose fiber T>c over an object c of C is naturally isomorphic 
to the category /(c). We leave to the reader to show that this is indeed a one to one 
correspondence. □ 
We can apply this procedure to a bipcrmutativc category on fibers A : V ^ C. This 
way we obtain a functor / : C"^ — > Cat that has the further property that each f{u) 
has the structure of a permutative category and the functor / can be seen as a functor 
/ : P. However, this functor does not behaves well under the multiplicative 

structure on V. We show however, that the fibered category A : V ^ C determines 
and is determined by a functor ^ : ^ — > P that behaves well under multiplication. 
Here ^ is a category that is obtained as a wreath product Inj J (C°^)* for a functor 
(C°^)* : Inj — > P. The category C naturally embeds into A and under this embedding 
we recover the functor / : — > P arising from the fibered category A : V ^ C. After 
the construction of the functor \E', we show in theorem 26 that it satisfies conditions 
(c.l) — (c.l4) of theorem 25. We will explain how to construct the functor \I' : ^ — > P 
in what follows. 

Wc begin by constructing the category A. This is a straight forward generalization 
of [4, Definition 5.1]. Let us denote by Inj the category whose object set is the set 
of integers n > 0, where we identify the integer n with the set n = {1, ...,n}. The 
morphism set from n to m is the set of injective functions from n — {1, ...,n} to 
m — {1, m} with composition the composition of functions. Define the functor 

{C^Py : Inj ^ P 

such that {C°^)*{n) = [C"^)"'. If g : n ^ m is a morphism in Inj; that is, g : n ^ m is 
an injective map, then {C°^)*{q) '■ — (^C"t')"^ is the functor that for an n-tuple 

u— {ui, Un) corresponds q^u — {u[, u'^), where 

, _ f Ui iiq-\j) = {i}, 

^^-\ 1 ifg-ia) = 0. 
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and if / = (/i, .... fn) vis a, morphism in (C^)", then C*{f) — f' : q*u — > q^v, 

where /' = {fi,-;fm) and 

/. ifg-Hj) = W, 
\ idi if g-Hi) = 0- 

Then associated to this functor, there is a wreath product category A = Inj J (C°p)*. 
More exphcitly, the objects of A are the sequences of the form where 
n > and a morphism from u= {ui, Un) io y_= (f i, v^) is a pair (g, /), where 
g : 77, ^ m is an injection and / : q^^u — > ^; is a morphism in (C^)". Note that 
^ is a permutative category by concatenation. Indeed, for objects u = {ui,...,Un) 
and V = {vi, ...,Vm), we can define uQv = {ui, ...,Un,Vi, ...,Vm) and similarly on 
morphisms. The unit of A is the empty tuple (). 

Suppose that u— {ui, Un) is an object of A. We will denote hj C/u the product 
category C/ui x - ■ -xC/un- We can see C/u as a category over C by defining the functor 
9u '■ C/u — > C as follows. Given objects fi : Wi ui in C/wj, then ^(/i, /„) = wi® 
■ ■ -^Wn- Also, if (pi : Wi ^ w[ is a morphism in C/uj, then 9{(j)i. .... (f)„) = 0i(8>- ■ -(Sxpn- 
As explained above, this makes 9ui '■ C/ui ^ C into a fibered category in the case 
where n — 1. This is not the case in general for n > 1. When u — () is the empty 
tuple, then we will understand by C/{) the trivial category with only object id : 1 — > 1 
and over C. With this convention then the category Homc(C/(),P) is isomorphic to 
the category T>i. Note that since we are assuming that every morphism in C is 
an isomorphism, then a morphism of fibered categories C/u — > V is just a functor 
F : C/u V such that A o F = 

Let us construct now the functor \E' : ^ ^ P. Take u = {ui, ...,Un) an object of 
A. Define '^{u) to be the category whose objects are the functors F:C/u^T> such 
that ^ o F — 6u and such that F is of the form 

r 

i=l 

where each Fij is an object of Homc(C/tij, "D). This means that given an object 
/ = (/i, --Jn) in C/u, then 

Fil) = Fn(/i) ® • • • ® © • • • © F,i(/i) ® • • • ^ Frnifn) 

and given = (0i, 0„) a morphism m C/u, then 

F(0) = Fii(0i) • • • (8) FmM ® • • • © ® • • • ® FrnM- 

This defines the objects of ^{u). Given 

'/■ s 

F = ^ <8) • • • <8) -Fin and G = ^ G^-i • • • O 

j=i j=i 

two such functors, then a morphism « : F ^ G in is a base point preserving 

natural transformation F ^ G; that is, a is a natural transformation such that for 
an object / of C/u, with fi : Wi ^ Ui, then af : F{f) G{f) is a morphism in 
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V^yj^. As the composition of a base preserving natural transformation is also a base 
preserving natural transformation wc obtain this way a well defined category ^(m). 
When w = is the empty tuple, then \1'(()) is then the category whose objects are 
functors F : C/() V such that -F = E"-Fi with Fi an object of Homc(C/(), P) 
and with morphisms the base preserving natural transformations. This category is 
canonically isomorphic to Vi under the isomorphism F F(id : 1 ^ 1). 

We want to show that if A : D — > C is a fibered bipermutative category, then the 
category ^{u) has the structure of a permutative category. To do so, we need to 
define a functor © : \E'(m) x ^(m) ^(m) and show that is satisfies the respective 
coherences. Suppose then that F = Yll^^ Fji(g)- • •(S'-Fm and G — Gji<^- ■ - ^Gjn 

are two objects of '^{u). Define 

r s 
F ®G = ^Fii®---®Fin®^Gji®---® Gjn- 

i=l j=l 

This way defined we see that given / an object in C/u 

(F©G)(/) = F(/)©G(/). 

Given = 0„) :/—;►/' a morphism in C/u, then 

(F ® = © : F(/) © ^ © G{f) 

is well defined as both and arc morphisms over ^(pi and we can add two 
such morphisms. It is easy to see that since the sum of morphisms over (S>0j is natural 
then F©G is also an object of ^'(m). This defines © on the objects of '^{u). Suppose 
now that a : F ^ G and (5 : H ^ K are two morphism in ^(m). Given / an object 
va.C/u, define 

{a © = a/ © /3/ : F{f_) © ^ G{f_) © K{f_). 

It follows at once that this way defined, a © is a base preserving natural transfor- 
mation and that © : ^(m) x ^(m) ^ '^{iL) is a functor. Wc claim that © is strictly 
associative. Indeed, if F, G and H are objects of ^{u), then both [F ® G) ® H and 
F ® [G ® H) agree as functors as by assumption each ©„ is strictly associative and 
the addition of morphisms is also strictly associative. 

Next we define an additive unit. We need to define an object 0„ of C/u. To do 
so, given u an object of C we define to be the object of YiomciC /u^V) defined 
by as follows. If / : w — > is an object in C/u, then 0(/) = Qy,, where Qy, is the 
unit of the permutative category Vy,. If : w — > is a morphism in. C/u then 
O(0) = 0^ : O^j, ^ O-u,' is the coherent morphism over as whose existence is guaran- 
teed by hypothesis. Then we define 0„ = 0^ ®---® Ou„ . This way defined O^j is an 
object of '^{u}. We claim this is a strict unit; that is, we want to see that for every 
F object of "^{u) 

F®Ou^F^Ou®F. 
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Indeed, if / is an object of C/u, then by definition 

(F e 0„)(/) = e 0„(/) = F(/) © 0^^, = F{f) 
(0„ © F)(/) = 0„(/) © F(/) = 0^^, © = 

and similarly on morphisms. 

We also need to construct a symmetry isomorphism. Suppose then that F and G 
are two objects of ^'(m). Define j : F (B G —>■ G (B F to he the transformation that 
for each object / olC /u assigns 

7/ = 7^., : F{f_) © G{f) ^ G{f_) © 

This is a natural transformation as addition commutes with the different 7® and is 
base preserving by definition. In order to conclude that (^(m), ©, 7) is a permutative 
category we need to verify that the following diagrams are commutative 



F®G -F©G 




F(BH(g)G. 



But the commutativity of these diagrams follows as we have the commutativity of 
the corresponding diagrams when we evaluate on objects and morphisms, therefore 
^{v) is an object of P. 

We now want to show that we can extend the definition of ^ as to get a functor 
^ : ^ ^ P. To start, for a given morphism f : u ^ v in C we define a functor 

/* : Romc{C/v,V) Romc{C/u,V) 
F ^ f*F 
a I— > f*a. 

The functor f*F is defined as follows. For an object g : w ^ u oi C/u f*F(g) — 
F{f o g) and if : / ^ /' is a morphism in C/u then can be seen as a morphism 
in C/v between fog and fog, thus we define f*F{4>) = F{4>). Similarly we define 
f*a for a base preserving natural transformation a : F — > C Suppose now that 
u — {ui, Un) and v — {vi, Vm) are two objects of A and that {q, f) : vis a 
morphism in A, thus / : g^w = u' ^ vis a. morphism in (C^)™"; that is, fi '■ Vi ^ u[ 
is a morphism in C. We want to define a lax* map ^(g, /) : ^(m) '^{y). Suppose 
first that m = n and thus q = a : n ^ nis a. permutation. Then each fi : Vi ^ Ua-'^(i) 
is a morphism in C. Take 

r 

F = ^Fa®---®Fi^, 

i=l 
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an object oi C/u, where each Fij is an object of Homc(C/iii, V) . Define 

r 



i=l 



By definition it is clear that this is an object in ^{v). Suppose now that a : F ^ G 
is a morphism in ^{u}i where 



i=l 



Fin and G = ^ G^i 



Gjn- 



Then we need to define 



*(a,/)a:*(a,/)F^^(a,/)G. 



For each 1 < i < n, the symmetry isomorphism 7® determines a coherent natural 
isomorphism 



and similarly for G. Since $ is assumed to be a strict map, then for each object 
g = {gi, ■■■,gn), with gi wi — > Vi oiC/y_ the morphism 

'^'^'/l^i<T-l(l)'-'/n^ia-l(n) 

■ /r^ia-i(l)(^l) «)•••«) fnFia-Hn){gn) ^ /r^ia(l) • • • <8) fnFic{n){gc{n)) 

is a morphism over To.,toi,....u,„ : lUi • • - (^Wn — > Wo-(i) ® • • -^tyo-H which is the coherent 
isomorphism in C provided by 7^^. 

Then we define {^{a, f )a)g, by the following commutative diagram 

EI=1 flFia-^l)(gi) • • • ® flF:a-^in){gn) 

(*(a,/)a)g 



Yfi=lflGja-^{l){gi) 



EI=1 f*(l)Fil{ga{l)) f:^n)Fin{ga{n)) 



fnGja-^{n){ga(n)) 




Ei=l fl{l)Gil{ga{l)) 



Here 



« - (Xl^'^'/r-^..-l(l)'-'/n^ia-l(n))(^) 
r 
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The natural! ty of ^(cr, /)« follows by the naturality of a and the maps 

T/Tf*Fi f*F- and TrTf*n-, f*n ■ 
Wc need to check that 'i/{a,f)a is base point preserving. To do so, note that 
^((^(o',/)^)^) = o T^,wu...,wr, = id, and thus is a morphism 

in the category V^^^. This defines /) : "^{u) ^ "^{v) in the case that q : m 
is an isomorphism. Let us define ^'(g, /) for the case where q : n ^ n + 1 is the 
injective map that misses the value n + 1, v = {ui, Un, 1) and each / = id. Thus 
in this case u'^ — Ui ior 1 < i < n and u'^^i — 1. Let us fix 7 : C/1 V a morphism 
of fibered categories such that /(id) = 1. Then for an object 

r 

F = ^ Fa ® • • • ® 

i=l 

of ^{u), we define 

r 
1=1 

This way defined we see that ^{q,f)F is an object of ^{v). On the other hand, if 
q; : F — > G is a morphism in the category "^{u), where 

r s 

F = ^ Fa ® • • • ® Fj„ and G = ^ G^i (g) • • • 

i=i j=i 

then we define ^'(g, /)« to be the morphism defined in the following diagram 

^(q f )a 

EI=i Fa0---^Fin^I — ^ G = E;=i C.i • • • (8) 7 



where the vertical arrows are obtained by application of the distributivity maps in 
V. It is easy to see that this way defined f)a is a base point preserving natural 
transformations. This defines ^(g, /) in this case. Note that any morphism in A can 
be factorize into a composition of the previous form, hence this way we define \E'(g, /) 
for every morphism {q, f) in A. By a direct inspection, we see that ^(cr, /) is a lax* 
map, in fact it is a strict map. We conclude then that : ^ — > P is a functor. Thus 
we have proved the following theorem. 

Theorem 15. To every fibered bipermutative category A : T> ^ C we can associate a 
functor ^ : ^ ^ P. The functor determines and is determined by A : V —> C up to 
canonical isomorphism. 

In Theorem 26, we will show that the functor \E' : ^ ^ P has special proper- 
ties arising from the multiplicative structure of the fibered bipermutative category 
A : D — > C. The functor ^ motivates the study in general of functors out of a 
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permutative category to the multicategory of permutative categories or in general to 
a multicategory. We show in the next section that we can give such functors the 
structure of a multicategory. 

4. MULTICATEGORIES AND GENERAL CONSTRUCTION 

In this section we review multicategories. Roughly speaking a multicategory or col- 
ored operad, is a generalization of both operads and symmetric monoidal categories. 
Our main goal in this section is to show that given a permutative category 0, 1) 
and a multicategory A^, we can give the structure of a multicategory to the category 
of functors £ ^ M.. 

Definition 16. A multicategory M. consists of the following: 

(1) A collection of objects which we usually denote Om- 

(2) For k >0 and any {k + l)-tuple of objects ai, ...,ak and h, a set 

M{ai, ...,afc;6), 

called the set of "colored" k-morphisms. 

(3) A right action ofEk on the collection of all k-morphisms, where for o" e 

a* : M{ai, a^; b) Mia^i^i), a^(fc), b). 

(4) A 1-morphism la G M.{a]a) called the unit, for each object a of M.. 

(5) A multiproduct function 

Tm ■ M{bi,...,bn;c) X M{au, aij^;bi) x ••• x A<(a„i, a^j^; 6„) 
M{an,...,anj^;c) 

that satisfies properties Multi(l)-Multi(4) in [4, Definition 2.1] that generalize the 
properties of an operad as in [12, Definition 1.1]. 

As mentioned before a multicategory is a generalization of both operads and sym- 
metric monoidal categories, to be more precise, an operad can be seen as a multicat- 
egory with only one object. Also, if {S, ©, 0) is a symmetric permutative category, 
we can see f as a multicategory by considering as objects the objects of S and for 
Ci, Cfe, d objects of £, the set of /c-morphisms 

£{ci, Ck, d) := £{ci e • • • e Cfe, d). 

Here Ci © • • • © means the iterated application of © by inserting parenthesis in a 
consistent way. 

In [4] , Elmendorf and Mandell gave the category P the structure of a multicategory. 
To describe the /c-morphisms of this multicategory we need the following definition. 

Definition 17. Let Ci, ...,Ck andV be small permutative categories. A functor 

f -.CiX-'-xCk^V 
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is said to be a k-linear map, if /(ci, c^) = whenever Q = for some 1 < i < k 
and in addition, we have natural transformations 5\ for I < i < k, that are thought 
of as distributivity maps, 

: /(ci, Ci, Ck) © /(ci, c[, Ck) f{ci, q © c-, Ck). 

These transformations are such that 5* = id whenever either Ci or c' is 0, or if any 
of the other Cj 's are 0. In addition, these natural transformations are subject to 
commutativity of a suitable collection of diagrams as in definition [4, 3.2]. 

If Ci, ...,Ck,'D are small pcrmutative categories, then ¥{Ci, ...,Ck,'D), the set of 
/c-morphisms in the multicategory P, is precisely the set of all /c-linear maps 

/ : Ci X • • • X Cfe ^ P. 

The /c-morphism set P(Ci, ...,Ck,'D) forms a category. If 

X ••• xCfc^P 

are two /c-linear maps, then a morphism a : / — > is a natural transformation such 
that q;(ci, Cfc) is the identity map whenever Cj = for some i and also the following 
diagram is commutative for each 1 <i <k 

5} 

/(Ci, Ci, ...Ck) © /(Ci, c[, ...Ck) ^ /(Ci, Ci © c[, ...Ck) 

g(ci, Ci, ...Ck) © g{ci, c'^, ...Ck) g(ci, Ci © c^, ...Ck). 

Throughout this paper we will be dealing with functors and multifunctors in a 
setup where the two concepts make sense (and are different). To avoid confusion 
we will start by setting up the notation that will be used through this paper. In 
this section Ai and H will denote general multicategories enriched over Cat and 
{£, ©, 0) a general permutative category. Note that as explained before we can see 8 
as a multicategory and also we can see as a category by consider the objects and 
1-morphisms and forgetting the rest of the data. 
Notation: 

• We will denote by F(£^, M) or the category whose objects are functors 
£ ^ M. and the morphisms are the natural transformation between them. 

• Also, we will denote by Wl{£,M) the category whose objects are multifunc- 
tors £ ^ }A and the morphisms the natural transformations preserving the 
multiproduct. 

• Finally, by yiiF2{M.,£;M) we mean the category whose objects are assign- 
ments F : Ai X £ that are multifunctors in the first component and 
are functors in the second component and the morphisms are the transforma- 
tions preserving the multi-structure in the first component and are natural 
transformations in the second component. 
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Remark 18. As categories, M{M..M^) and MiF2{A4. S;f/) are naturally isomor- 
phic. In what follows, we will identify those two categories without further comment. 

Wc will denote by and Om the object sets of S and M. respectively. We are 
interested in studying the functors 

and want to construct a multicatcgory Ai^ , whose objects are precisely those functors. 
The goal of this section is then to prove the following theorem. 

Theorem 19. There is a multicatcgory Ai^ whose objects are the functors S M.. 
This multicatcgory is enriched over Cat if M. is enriched over Cat. 

Before proving this we need some remarks and definitions. First of all, note that 
given a functor G : £ ^ and any /c > 0, we can see G as a functor G : £^ ^ M. 
by considering G(ci, Ck) = G{ci (X) • ■ ■ c^). With this in mind we can give the 
following definition. 

Definition 20. Suppose that Fi, F^, G : E ^ Ai are functors. A k-linear natural 
transformation from Fi, Fk to G, is an assignment that for each k-tuple ci, .., Ck G 
Os, corresponds a k-morphism 

K,...,cu e M{Fi{ci), ...,Ffc(cfe),G'(«)*LiQ)) 

satisfying the naturality condition described below. 

The naturality condition that we require is the following: suppose that fi'.Ci^ c'^ 
is a morphisms in for 1 < z < k, then wc have 1-morphisms Fi{fi) : F{ci) F{(^i) 
for 1 < i < A; and G{®\^Ji) : G{®\^^Ci) G((g)*Lic9. The multiproduct Vm of M 
gives maps 

r^, ■.M{G{®Uci);G{®tA)) X M(Fi(ci),...,Ffe(cfe);G'((»tiQ)) 
^M(Fi(ci),...,Ffe(cfe);G(®ti4)), 

k 

Tm :A1(Fi(c;),...,F,(4);G(®t,c9) x \{M{F,{c,)- F,{d,)) 

i=l 

^M(Fi(ci),...,Ffe(c,);G'(®ticO). 
We require that 

r^(G(®ti/.); </..„...,eJ = rMi<Pc[,...,c',; F^{f^), F^ifk)). 

Remark 21. Note that if we take k = 1 in the previous definition, then a 1-linear 
natural transformation (p : F ^ G, is an assignment that for c G Os, a 1-linear map 
(f)c '■ F{c) — > G{c) and for each morphism f : c ^ c' in £ 

r>,(G(/);0,) = r^((/.,.;F(/)) 

This means that 4> : F ^ G is a natural transformation such that (pc is 1-linear for 
each object c of £. 
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Proof of Theorem 19. To prove Theorem 19 we need to define a class of objects, a set 
of /c-morphisms for /c > 0, a right action of E^j on the set of /c-morphisms, a unit Ip 
for every object F of Ai^ and a multiproduct such that properties Multi(l)-Multi(4) 
of [4, Definition 2.1] are satisfied. 

The objects of Ai^ are the functors F : £ ^ M.. To define the fc-morphisms in 
A^^, suppose that Fi, Fk,G : S ^ Ai are objects in Ai^ . Then a A:-morphism 
in Ai^{Fi, Fk] G) is a /c-hnear natural transformation from Fi, to G. When 
A; = 0, then a 0-morphism in A4^{, G) is a 0-morphism in Ai{, F{1)), where 1 is the 
coherent unit of £. 

The multicategory A\^ will be an enriched category over Cat whenever Ai is 
enriched over Cat. Thus for objects Fi,...,Fk,G in A4^, A4^{Fi, Ff;,G) is the 
category whose objects are the /c-linear natural transformations from Fi, ...,Fk to G. 
If 0, ■0 are two such transformations, then a morphism / : ^ -0 in Ai^{Fi, F^, G), 
is an assignment, for objects q, 1 < i < fc, a morphism fci,...,ck '■ (pci,...,ck ~^ '0ci,...,cfc in 
the category A^^(Fi(ci), Ffe(cfc), G{(g)'^^-^Ci)). 

Let's define the multiproduct on Ai^ . Suppose that 0* e ...,Fij.;Gi) is a 

jj-morphism for 1 < i < A; and that e ...,Gk;H) is an /c-morphism. We 

want to define Vj^s{%l)] (p^, (f)'^) G A^^(Fii, Ffej^.; H), a (ji + • • • + jfe) -morphism. 
To do so, take Cn, c^jj^. e and define 

This definition readily extends to morphisms in the case that Ai is enriched over Cat. 
We need to show that r^e(0; 0^, 0^^) satisfies the naturality condition. Since A4 
is a multicategory, then by definition we have that 

is a (ji + • • • + jfe)-morphism. Suppose then that we have morphisms frs '■ Crs — > c^g 
in for 1 < r < A; and 1 < s < jV- The multiproduct of A4 gives us the maps 

-^M{Fnicn),-,Fk,,ickj,y,H{0rAs)) 

r,s 

We need to check that 

=r^(r^f (V'; 0S 0')ci„...,c' ; i^ii(/ii), -, F^j^ifk^,)). 
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On the one hand by definition and property Multi(l) for Ji4 we have 

rMiH{^r,sfrs); ^M^t, 0'')cn,...,c,,- J 

e 



but as ip is an /c-morphism in TVf , we have that 
hence 

(1) r^(//((8),,,/,,);r^£(V';0',...,0'=)cn,...,c,,J = 

(2) ^MiTMi^^n^^.^^^..^^^^^^^^ 

On the other hand, again using the definition and property Multi(l) for A4 we have 
^MO^M^t, (f>\ /)cli,...4.J i^ll(/ll), -, Fkj^ifkjk)) 

^^^^^^^'^^iL,c[^,...,Ktic'J <^ci„...,ci,^, <^c;,,...,c;,,J; ^ii(/ii), FkiAhj,)) 
where 

But as each 0* is a jj-morphism, by definition we get that 
therefore 

(4) r^(r^(V'^.^i^^,,^,...,«.^.^^,,^; ^^(^jfe,)); , <„...,c,,J 

By (1) and (3) we see that T _X4£ 4>^ , •••,0^) also satisfies the naturahty condition. 

We define now a right action of E^. on the set of all fc-morphisms. Suppose then 
that e M^{Fi,...,Fk;G) is a fc-morphism in Al^ and o" G S^.. Define (7*0 £ 
M.^{Fa-(i), Fa-(k), G) as follows: for objects ci, Ck of define 

^ ^Co-(i)v:CCT(fc) — r(G(To-,ci,...,cfc); 0cl,...,cfc)■ 
Here 

'7'cr,ci,...,Cfc : Ci (g) ■ ■ ■ Cfe ^ C^(l) (g) • • • C^(fc), 

is the natural isomorphism in £ and 

(7* :M(Fi(ci),...,Ffc(cfe),G((8)tiC^(i))) ^ 

A^(^a(l)(Ca(l)), ^a(fc)(Ca(fe))' <^(®»ilC(T(i))) 
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is the action of on the /c-morphisms of the muhicategory A^. By a similar argument 
as in the definition of the multiproduct, it follows that this way defined, a*4> satisfies 
the naturality condition and thus (7*0 is well defined. This definition extends easily 
to morphisms in the category of /c-morphisms when Al is enriched over Cat. This 
indeed defines an action as acts on the right on the set of fc-morphisms of Ai. 
li F : £ ^ M is an object of , then the identity l/r G M^{F;F) is the 1- 
linear natural transformation Ip, such that for each object c of £, {If)c = 1f(c) £ 
M.{F(c); F(c)). Ip clearly satisfies the naturality condition and thus it defines a 1- 
morphism in Ai^{F; F) that is clearly a unit. 

Let's check now that this data defines a multicatcgory; that is, we need to check the 
conditions Muhi(l)-Multi(4) of [4, Definition 2.1]. Conditions Multi(l) and Multi(2) 
are satisfied pointwise as is a multicatcgory and thus these conditions hold for 
M.^. Let's check that condition Multi(3) is satisfied. To do so, take Fj^, Gi and H 
objects in for 1 < i < and 1 < r < jV Also take a e E^. We need to show the 
commutativity of the following diagram 

M'{G,, H) X nil M'{F,^, F,^- G,) 



M'iFn,...,F,j^;H) 



To show the commutativity of this diagram, take objects cn, c^j^ of £, 0* e 
M^{Fii, Fij.; Gi) for 1 <i < k and ip e M^{Gi, Gk, H) an /c-morphism. Then 
by definition we have that 

(^<ja(i),...j.(fe)>)*r(-H"(ra,cii,...,cfc,,); r(V'; 0\ 0'')cii,...,cfc,J = 

On the other hand 



T(l)lv-,Ca(fc)j^(j^) 



.0: 



a{k) 
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Since is a multicategory, by property Multi(3) we get 

= (^<jcr(i),-ja(fc)>)*r(r(i/(T^ ,Cll ) Cfcjj^.; '0®Cli,...,(glCfcJ; 0C11,...,C13^ ' ^Cki,...,Ckj^)l 

but again using the fact that is a multicategory, by property Multi(l) we get that 

Thus diagram Multi(3) commutes. In the case that M. is enriched over Cat, a 
similar argument shows that the respective diagram commutes on morphisms. The 
commutativity of diagram Multi(4) is similar. This proves Theorem 19. □ 
Example: Our main application of the previous theorem is the case where = P. 
Explicitly, the multicategory P^, has objects the functors 

£:^p. 

If Fi, Ffc and G arc objects in P^, then the /c-morphism set, P^(Fi, ...,Fk]G) forms 
a category, its objects are the /c-linear natural maps; that is, the assignments that 
for each ci, e Os correspond a /c-linear map 

: Fi{ci) X • • • X Ffc(cfe) G{ci ® . . . ® Cfe) 

such that satisfies the naturality condition as described before. If (f) and ip are two 
objects in W^[Fi, Fk]G), then a morphism a : — > is a morphism of natural 
/c-linear transformations; that is, for ci, 

Olci,...,Ck '■ 4>ci,...,Ck ~^ '0ci,...,Cfc 

is a natural map such that the following diagram is commutative 

{Xi, X-i, Xfc) © 0ci,...,Cfe (-^1 ) -^ii -^k) *" 0ci,...,Cfe(^l) © ^i: ^k) 



^Cl,...,Cfe 



V^d.-.-.c/sl^l) ^i) ^fe) © V'ci,...,Ci,(^l) ^j) -^fcl. V^ci,...,Cfc(^l) © ^fe)- 

I 

*ci,...,Cfc 

Here, 5^^^ and (5^^^ are the structural maps of the /c-linear maps (f)ci,...,ck 

'0Cl,...,Cfc- 

The action of on /c-morphisms, is defined in the following way. If cr G and 
e P^(Fi, ...,Ffe,G). For Ci,...,Cfc e Cc, define (J*^^^^^^,...,^^^^^ is the /c-linear map 
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making the following diagram commutative 

fPci,...,Cf. 

Here To-,ci,...,Cfc is the coherent isomorphism Ci ■ ■ • ® Cfc ^ Co-(i) ® ■ ■ ■ ® Ca{k) in ^ 
obtained by iterated applications of 7. On the other hand, the multiproduct in P'^ is 
defined as follows: suppose 0* e P^(Fji, Gj), ip G P^(Gi, if ). For any 
objects Cis oi £ , ior 1 < i < n, 1 < s < ji, define 

Suppose now that A4i and are two multicategories and that J-' : A4i M.2 is a 
multifunctor. Then T induces a functor J> : A4f — > Alf defined by composition with 
JF. This functor preserves the multicategory structure; that is, JF^, is a multifunctor. 
In the case where that both M.i and M.2 are enriched over Cat and that JF is 
an enriched multifunctor, then JF^ is also enriched. We prove this in the following 
theorem. 

Theorem 22. The functor is a multifunctor that is enriched if M.i and M.2 CLre 
enriched over Cat and T is an enriched multifunctor. 

Proof: Suppose that Fi, Fk,G : S Mi arc objects in Mf, then jF^(Fi) = 
J^o Fi,...,J^,(G') = J^oG : S ^ M2- Take G Ml{Fi, Fk,G). Thus given 
objects Ci,...,Cfe in 8, by definition 0ci,...,cfc e Mi{Fi{ci), Fk{ck),G{®^^^Ci)) and 
thus H4>cu...,c,) e M2(^(Fi)(ci), J^(Ffc)(cfe),;^(G')(«)tiQ)). We define 

J^. (0) G >tf (Fi ),..., (F, ); J^, (G) ) 

by 

^*(0)ci,...,c, = ^(^d.-^cj G M2{T.{Fi){ci),...,T,{Fk){ck)]T.{G){®tiCi))- 

We need to show that J-'^{(j)) satisfies the naturality condition; that is, if we are given 
morphisms fi'.Ci^ c'^ in E, we need to show that 

Tir4G){0f,);J',{<P),,_,,) = T{J^Mci,...,c^ 
But we know that this is true for 0, thus we know that 

r(G(®/,); cj>,„...,J = r(0ei,...,c;; Fi(/i), F^ifk)). 

Applying to both sides and using that ^ is a multifunctor we see that 
r(.F-.(G)(®/,);.F-.(0)e„...,cJ = .F-(r(G(®/,);0c„...,cJ) 

^(r(0,;,...,,. ; Fi(/o, = r(^.(0^^^^^^^^^ 

which proves that also satisfies the naturality condition. 
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Let's show now that T^^ respects the muhiproduct. To do so consider Fj^, Gi and H 
objects in M.\ for 1 < i < /c and 1 < r < jj. Also consider 0* e Alf (Fji, F^.^ Gi) 
and -0 e A^f (Gi, Gk, H) ior 1 < i < k and objects in £. Then by definition 

= (r(^,(V');^.(0^),...,^.(0'=)))en,...,c,,,, 

and thus J> preserves the multiproduct. On the other hand, it's trivial to show that 
preserves units. We still need to show that is compatible with the action of 
Sfe. Thus take cr e E^. We need to show that the following diagram is commutative 

Alf (Fi, Ffc; G) T.{Fk);T.{G)) 



Mf{F,^i),...,F,^ky,G) ^A^f(^*(F,(i)),...,^,(F,(fe));^,(G')). 

But by definition and the fact that is a multifunctor we have that 

^a%J^^iT{Gir^,,,_J;<P,,_^^^^^^^ 

This proves that J-'^ is a multifunctor. In the case that JAi, M.2 are enriched over 
Cat and T and enriched multifunctor, then by a similar argument we see that ^* is 
a multifunctor. □ 
In [4] Elmendorff and Mandcll constructed a multifunctor K -.W ^ US. Using this 
multifunctor and the previous theorem we get the following corollary. 



Corollary 23. The multifunctor X : P — > E»S induces an enriched multifunctor 



5. MULTIFUNCTORS TO 

In this section we study the multicategory P^; that is, the multicategory obtained 
by taking Al = P in the previous construction. In particular we characterize the 
multifunctors to P^ out of certain parameters multicategories E^, and FE* that are 
defined in this section. In [4] Elmendorf and Mandell proved that multifunctors 
E^, FE^ — > P are determined by additional structure on the image of the only object 
of E^ and FE^, respectively. Following their idea, we show that multifunctors from 
E* and FE* to P^ are determined by additional structure on the fibered category 
associated to the functor £^ — > P that is the image of the only object of E^, and ET^^. 

We will denote by E* the associative operad; that is, E* is the operad whose 
value at /c > is the symmetric group E^. This operad is relevant as its algebras 
on a symmetric monoidal category are the associative monoids. We regard E* as a 
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multicategory with only one object. The goal of this section is to give an explicit 
description to the multifunctors 

Such a multifunctor maps the unique object of S,^ to an object F of P^. The mul- 
tifunctor — > P^, then factors through the multicategory generated by F in P^. 
Suppose we have such a multifunctor — > P^ mapping the only object of S^, to F. 
Consider I2 G E2 the identity element. This is a 2-morphism in the multicategory 
E*, hence it is mapped to a 2-morphism (g) e P^(F, F; F). This operation is strictly 
associative, there is a unit 1 that is an object of ^(If). The operation ® and the unit 
1 satisfy similar coherences as in [4, Definition 3.3]. To be more precise, we have that 
® G P^(F, F; F), this means that for every pair Ci, C2 € Og we have a 2-linear map 



® : F(ci) X F(c2) F{ci (g) C2) 

C1,C2 



Each (8) comes equipped with distributivity maps 

C1,C2 



4i C2 : (2^ ® 1/) ® (2^' ® ^ (a: © x') 



Cl,C2 



Cl,C2 



Cl,C2 



<i,c2 ■ © (a:^ ^ ^ © 2/0 



Cl,C2 



Cl,C2 



Cl,C2 



that are the identity whenever x or x' equal or whenever y or equal 0, 
By the definition of a 2-linear map the following coherences are satisfied. 



(c.l) (x (g) 7/) © (a;' (g) © {x" (g) 7/) ^1:!^ ((^ © x') ® y) ® {x" (g) y) 



Ci,C2 Ci,C2 
ide4 



Cl,C2 



Cl,C2 



4, 



(a; (g) I/) © {{x' ®x") (g) I/) 

C1,C2 C1,C2 



{x®x'®x") (g) 1/ 

C1,C2 



is a commutative diagram and there is a similar commutative diagram for (F^. 
Also 



(c.2) 



{x ® y)® {x' (g) y) '^'"^'"d {x ® x') ® y 

C\,C2 C\,C2 Cl,C2 



7®®ci,c2id 



{x' ® y)®{x ® y) ^ {x' ®x) ® y 



C1,C2 C1,C2 



1,C2 



C1,C2 
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is a commutative diagram and there is a similar commutative diagram for d^. 
We also need the following diagram to commute 



(c.3) 



[x ® {y® y')) © {x' ® {y® y')) 

Ci,C2 Cl,C2 



{x ® y)®{x ® y ) © {x ® y)® {x ® y ) 

C\,C2 Cl,C2 Cl,C2 Cl,C2 




{x®x') ® {y®y') 

C1,C2 



{x (g) y) ® {x' ® y)®{x ® y') ® {x' ® y') 

Cl,C2 Cl,C2 Cl,C2 Cl,C2 



^ci,C2®^ci,C2 




((x © x') <S> y)® {{x © x') (g) I/') 

Cl,C2 Cl,C2 



In addition, we require that <S> vanishes whenever one of the inputs is zero, more 
concretely, we require that 



(c.4) 



Oci X — Oci0C2) 

C1,C2 

X (8) Oc2 = Ocj(g)c2- 
Cl,C2 



Diagrams (c.l), (c.2), (c.3) and (c.4) say that each ®ci,c2 is a 2-linear map. In order 
for ® to be a 2-morphism in the multicategory we need the naturality condition 
to be satisfied; that is, given morphisms /i : Q ^ in S for i — 1 and i — 2, then 
the following diagram is commutative 



(c.5) 



F(ci) X F(c2) ^F{c[) X F(4) 



Cl,C2 



-F(ci C2) 



We need this diagram to be a commutative diagram of 2-linear maps; that is, given 
X and x' objects in -F(ci), y object in F(c2) we need the maps (*) and (**) to be the 
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same 



(*) F{f,)x ® F{f2)y © F{f,)x' ® F{f2)y F{f,)x ® F{f,)x' ® F{f2)y 



r*) F{h®h){x ® y)®F{h®h){x' ® y) 



® y) F{h®h){{x®x') ® y); 

C1,C2 C1,C2 C1,C2 

that is, we have that 

and a similar condition is satisfied for • 

Also we have that 1, which is an object of Fi^ls), is a strict unit, in this case this 
means that 



(c.7) 



1<®X — x — X<®1. 
l,c c,l 



Wc also need strict associativity, which in this case this means that for every objects 
ci, C2 and C3 of £, and every objects x, y and z of F{ci), F{c2) and Fi^c^) respectively, 
we have 



(c.8) 



{x ®) y) ® z = X ® {y ® z). 

C\,C2 CllS)C2,C3 Cl,C2lS)C3 C2,C3 



In addition we need the following diagram (c.9) to commute and a similar for dl" 
(c.9) 



{x (y (g) z)) © (x © (y © 2;)) 

Cl,C2®Cz C2,C3 Cl,C2(S>C3 C2,C3 



((x <S> y) <S> z)® {{x' ® y) ® z) 

Cl,C2 Cl(8)C2,C3 Cl,C2 Cll8)C2,C3 



ci ,C2®C3 



'ci®C2,C3 



{{x (g) y) © (x' (g) y)) (g) z 

Cl,C2 Cl,C2 Cl®C2,C3 




(x©a;') (g) (g) 2;). 

Cl,C2lSlC3 C2,C3 



4i,C2®<:i.C2®<:3ici 



{{x' ®x)®y) (g) 2; 

Cl,C2 Cl(glC2,C3 
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Finally we need the diagram (c.lO) to be commutative. 
(c.lO) 

{{x ^ y) z)®{{x y') zf2^^^{{x ® y) ® {x ® y)) z 

C1,C2 Cll8)C2,C3 C1,C2 Cll8)C2,C3 C1,C2 C1,C2 Cl(glC2,C3 

<^ci ,C2 ® =1 '2'C2 ,C3 id 

{x © (a; {y' ^^2,03 z)) {x © y')) ;2 

Cl,C2®C3 C2,C3 Cl,C2®C3 Cl,C2 Cl®C2,C3 

t:i,C2®C3 

X ((1/ 2:) ©(2/' z)) ^x {{y®y') 

C1,C2®C3 C2,C3 C2,C3 id(glei,c2®C342,c3 '^1''=2<X>C3 C2,C3 

We have the following theorem. 

Theorem 24. Having a multifunctor S^, — mapping the only object of E* to a 
functor F : £ ^¥ is equivalent to having a functor F : E a functor 



: F(ci) X F(c2) ^ F(ci C2) 



Cl,C2 



/or eac/i pair Ci, C2 G Og, a unit 1 which is an object in -F(lf) arac? distributivity maps 
4i,c2 : (2^ ® ?/) © (a:^' ® ?/) ^ (2; © 2;') ® ?/, 

' Cl,C2 Cl,C2 Cl,C2 

c^ci,c2 '-{^ ® y)®{x 2/') ^ ^ (2/ © 2/0 

' C1,C2 C1,C2 C1,C2 

satisfying conditions {c.l) — {c.lO). 

Proof: First suppose that we have a multifunctor S : — P^. Then S* factors 
through the multicategory generated by F : £ — > P, for some F. Thus, we may 
regard 5" as a multifunctor 5" : — > {P^(F, F; F)}, sending the only object of E* 
to F. Let 1„ G E„ be the identity element. Then I2 is a 2-morphism and we let = 
>S'2(l2) G P^(F, F;F). Unraveling the definitions, we see that 0ci,c2 is 2-linear map 
for every Ci, C2 G Os. Therefore conditions (c.l) — (c.4) hold. In addition, properties 
(c.5) and (c.6) hold as satisfies the naturahty condition, this follows from the fact 
that is a 2-morphism in the multicategory P^. Consider Iq G Eq. This element is 
mapped under 5*0 to a 0-morphism in P^(; F). By definition, this is just an object in 
the category ^(1^) which wc define as the unit 1. Condition (c.7) follows from the 
fact that, in E*, we have the equality Fs, (I2; li, lo) = li = Ts. (I2; lo, li)- Property 
(c.8), the associativity property, follows from the fact that in the multicategory E*, 
we have rs»(l2; I2, li) = rE«(l2; li, I2), thus we have that 

rpf(0;0. If) = rp£(0;li.,0). 

The previous equation implies condition (c.8). Note that both Fp£(0;0, 1^?) and 
rp£(0; If, 0) are 3-morphisms in P^. Therefore, for every triple ci, C2, C3 G Os, 



rp£(0; 0, 1f)ci,c2,c3 and rp£(0; Ip, ' 



ICl,C2,C3l 
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are 3-linear maps that agree, in particular their structural maps 5^ must agree. This 
shows that conditions (c.9) and (c.lO) are satisfied. 

On the other hand, suppose we have a functor F : £^ — > P, a collection of 2- 
linear maps ®ci,c2 foi" ^^-ch pair ci and C2 G Oe and a unit 1 that satisfy properties 
(c.l) — (c.lO). We want to define a multifunctor 5" : — > P^. To begin, we define 
S evaluated on the only object of as F . 

Note that conditions (c.l) — (c.4) say precisely that ®ci,c2 is a 2-linear map 

:F(ci) xF(c2) ^F(ci®C2), 

C\,C2 

with structural maps (ici,c2 '^ci,c2 every pair ci and C2 G Os- In addition, by 
properties (c.5) and (c.6) we see that ® satisfies the naturality condition, therefore 
(g) is a 2-morphism in P^(F, F; F). We claim that properties (c.7) — (c.8) imply that, 
as 3-morphisms in P^(F, F, F; F), 

(5) rpf(®;®,lj.) = rp£((8);lF,(8)). 
Indeed, for ci, C2 and C3 e Os we have 

rp£((g); O, Ii.)ci,c2,c3 = ® °( ® xidF(c3)), 

Cll8)C2,C3 C1,C2 

rpf((8);li., (8))ci,c2,c3 = ® o(idF(ci) X <^ )■ 

C1,C2(X)C3 C2,C3 

By equation (c.8), rp£(®; 0, 1f)ci,c2,c3 and rp£(®; Ij?, ®)ci,c2,c3 agree as functors. On 
the other hand, the 3-linear map Fpe ((8); (g), 1^)^,02,03 has structural maps 5^, 5"^, 5^, 
where 5^ is given by 

(6) S^ = «,C2 «'C1®C2,C3 id) O 4l®C2,C3- 

Similarly we can find equations 5^ and 5^. On the other hand, the 3-linear map 
V^s{®] Ip-i ®)ci,c2,c3 has structural maps 51, 5^, where 5\ is given by 

Similarly we can find equations 5l and 5^. By diagram (c.9), we see that (6) and (7) 
agree. The same statement is true for ^2, ^3 and 5^, 5^ and it follows by conditions 
(c.9) and (c.lO). 

To construct the multifunctor 5", we need to define for A; > a functor 

,Sfe:Efc^P^(F,...,F;F) 

that respects the action of and the multiproduct. As is a discrete category, 
it suffices to define Sk{<j) for all a e E^. We will define first S'fc(lfc) for /c > 0. For 
A; = wc define 5'o(lo) = 1- To define 5'fe(lfe) for k > 1, wc will use the following 
notation. Suppose that Ci,...,Cfc G Og and that Xi is an object in the permutative 
category F{ci), for 1 < i < A;. Define 

xi,...,k ^ xi ■ ■ ■ ® Xk ^ {■ ■ ■ {{xi ® X2) (8) 2:3) ••• (8) Xk). 

Cl,C2 Cl®C2,C3 Cl(gl---®Cfc_i,C)i 
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Note that by condition (c.8), this is well defined and equals any rearranging of the 
parenthesis using the respective operations ®. With this in mind, define 



Sk{^k)ci,...,ck{^lj ^k) — ^1 



•^k — •^1,...,A;- 



We need to define the structural maps of the Sk{lk)ci,...,Ck^ in order for it to be a 
/c-linear map. To do this, note that by condition (c.8) we have that 

Sk{H)ci,...,ck{^i, Xk) — = <SiXi<^ Xi+i^,„^k. 

Then we define 

•>S'fc(lfc)ci,...,Cfe(2^1) •••) ^ij Xk) © Sk{lk)ci,...,Cf,ixi, Xj, Xk) 

=xi,...,i-i ® (g) Xi+i^,„^k © a;i,„,,i_i (g) a;- (g) Xi+i,...,^ 

Xl,...,i-1 (g {Xi © x[) (g Xi+i,...,^ 
=>S'fc(lfc)ci,...,Ci. (2^15 Xi © Xj, Xfc), 

to be the diagonal map in the following commutative diagram 




{Xl,...,i-1 <^ Xi ® Xi^ 



xi,...,i-i <S> {xi (g) ®x'i<S> a^j+i,...,*;) 



„i-i 



a;-) g) x, 



+i,...,k 



xi,...,i-i ® (xi © x'i) © a;i+i,„,,fc. 

The previous diagram is commutative by condition (c.lO) and by a direct computa- 
tion we see that the condition of commutation with © for is satisfied. 
In general, we define for cr e 

Skid) = a*Sk{lk). 

This way defined, Sk is clearly respects the action. Let's see that it respect the 
multiproduct. To do so, take (pi G Ej. for 1 < i < A; and cr e E^. We need to verify 
the equality 

'S'ji+-+ife(rs.(o-;0i, ...,(pk)) = rps{Sk{a);Sj^{(pi), ...,Sj^{(i)k))- 
In E*, the multiproduct is defined by 

rE.(o-;0i, ■■■,(f>k) = cr{ji,...,jk) o (01 © • • • ® (f>k)- 

Here, 0i © • • • © 0^ means the image of 0i, ...(pk under the canonical embedding 



Ejj X ■ ■ • X Ejj^ — * Ejj+...jj^. 
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By definition we have 

'S'ji+-+jfc(rs*((7;0i, --^fe)) =(rs*((7;0i, ...,(l)k)TSj,+...+j^{ij^+...+j^) 

=(^o-i,-jfc) o (01 ® • • • ® (f)k)ySj,+...+ji^{ij,+...+j^). 

On the other hand, 

Tpe{Sk{(ry, Sj,{(f)i), Sj^{(t)k)) = Tpe{a*Sk{lky, 0iS'j,(ljJ, (j)*kSj^{ljJ). 
Using properties Multi(3) and Multi(4) in the multicategory , we obtain 
rps{Sk{cr);Sj^{(pi), ...,Sj^{(j)k)) 

= (%-i,.-jfc> o (01 © • • • © 0fe))Tpf (5fe(lfe);S'j-,(l^-J, ...,Sj^{lj^)). 
Thus it suffices to show that 

^ji+-+jki^ji+-+jk) — Tpf ('S'a;(1a;); 'S'j^(lji), Sji^{ljiJ). 

But this follows by induction and equation (5). Since 5" respects identities by defi- 
nition, we see that S is a multifunctor mapping the only object of to F. Finally, 
the fact that these correspondences are inverses of each other follows by a direct 
computation. □ 
We now discuss the case where the operations ®ci,c2) satisfy some sort of commuta- 
tivity up to coherent isomorphisms. Let's denote by £'E* the category valued operad 
that for each j, corresponds Ellj the translation category of E^-; that is, the object 
set of EHj is Sj and there is exactly one morphism between any pair of objects of 
E'Ej. We can see £^E* as a multicategory with only one object and that is enriched 
over Cat. In the same spirit as in the previous theorem, we want to give an explicit 
description to the enriched multifunctors 

S : EE^ 

Such a multifunctor maps the unique object of ET,^ to an object F of P^. The 
multifunctor ET,^ — > P^, then factors through the multicategory generated by F in 
P^. We can see each Ej as the trivial category with only the identity morphisms. 
Thus we have an inclusion functor ij : Ej EHj for every j > 0. The collection of 
all ij gives rise to a multifunctor 

i E^ — ^ EE^. 

This multifunctor is trivially enriched over Cat. By composing S with i, we see that 
for F conditions (c.l) — (c.lO) are satisfied. In addition, we also have the following 
properties. Let G E2 is the map that permutes the two elements of {1, 2}. Then we 
can find a map of 2-morphisms 

: ® ^ r®; 

that is, for each pair of objects ci and C2 of we have a map of 2- linear maps 



C1,C2 C2,C1 
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satisfying the following coherence diagrams 



(c.ll) 



C2,C\ 



Ocil8lC2 = ^ -^('^^,C2,Cl)(0c2(g>Cl), 



(c.i2) ^ ® y > Fi.n,c.,c.){y ® ^) 

V / Cl,C2 C9.C1 




-P'(-r'e,c2,ci)(Mc2,ci) 



^('re,C2,ci)i^(T^,ci,C2)(2; «) y), 

C1,C2 



(c.13) 



{x ®x') ® y 

Cl,C2 



"ci,C2 



(x t/) e (x' y) 

CI ,C2 Cl ,C2 



Mc^ , C2 ® Mc^ , C2 



^(^€,c2,ci)(y «) a:)©F(Te,e2,cJ(y x') 

C2,C1 C2,C1 



/'ci,C2 



^('r?,C2,ci)(l/ ®{X®X')), 



C2,C1 C2,C1 
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(c.14) 

i<l eg) 

X ® (y z) ''^ ® {F{t^^c3,c2)z y) 

C1,C2®C3 C2,C3 Cl,C2(SlC3 C3,C2 

(x (g) y) Z 

C1,C2 C1®C2,C3 

-^(7-«,c3,ci®c2)(^ (x y)) F(l0r^^c3,c2)((x z) (g) I/) 

C3,C1®C2 C1,C2 Cl,C3 Cl(g)C3,C2 

= F(id®T5_c3,c2)(Mci,c3)iX)id 

^(7-e,c3,ci®c2)((^ ® a;) (g) y) ^F{1^t^^c3,c2){F{t^,c3,ci){z ^ x) y). 

C3,C1 C3®C1,C2 — C3,C1 Cl(glC3,C2 

The equalities in the previous diagram are obtained by applying the naturality prop- 
erty of (g) and the associativity property of <S> which are satisfied as conditions (c.l — 
c.lO) hold. We have the following theorem. 

Theorem 25. Having a multifunctor ET:^ — > mapping the only object of £'E* to 
a functor F : £ is equivalent to having a functor F : £ ^F, for each pair Ci, C2 
a functor 

® : F(ci) X F(c2) ^ F(ci ® C2), 

Cl,C2 

a unit 1 which is an object in F^ls), distributivity maps 

4i,c2 -{x y)® {x' (g) y)^ {x®x') (g) y 

Cl,C2 C1,C2 Cl,C2 

dcuc2 ■■ {x ^ y)®{x ^ y') ^ X {y® y') 

Ci,C2 Cl,C2 Cl,C2 

and a natural transformation 

/^ci,c2 : x (g) 7/ ^ F{n,c2,ci){y ® a;) 

Cl,C2 C2,Cl 

satisfying conditions (c.l) — {c.l4)- 

Proof: Suppose that S : EE, ^ is an enriched multifunctor sending the only 
object of ET,^ to a functor F : £^ — > P. Let (g) — >S'2(l2), the image of the unique 
morphism in ET,2 between I2 and ^ under S2 and 1 the image of Iq under Sq. Then 
we see by the way we derived conditions (c.l) — (c.l4) that these are satisfied by 

On the other hand, suppose we have a functor F : £^ — > P, a collection of 2-hnear 
maps (g)ci,c2) natural transformations //ci,c2 for each pair ci and C2 G Og and a unit 1 
that satisfy properties (c.l) — (c. 14). We want to define a multifunctor S : ET,^ — > P^. 
To begin, note that in particular conditions (c.l) — (c.lO) are satisfied and thus by 
Theorem 24 we have a multifunctor 5* : S* — >^ P^ sending the only object of to 
F. We want to see that this multifunctor extends to a multifunctor 5" : FE* — > P^. 



F(l(g)r^,c3,c2)(2; ® {z ^ y)) 

Cl,C3(g)C2 C3,C2 
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We claim that the natural transformations {fici,c2}i form a map of 2-morphisms from 
® to (^*®. Indeed, if Ci and C2 € Os, and is an object in the category F(cj) for 
i — 1,2, then /Xci,c2 is a natural map 

l^ci,C2{xi,X2) -.Xi ® X2^ {C ® ){xi,X2). 

Cl ,C2 Cl ,C2 

Also, ^d^c-zi-t'i - X.2) is the identity whenever xi or X2 is zero. This is a consequence of 
condition (c.ll). In order to conclude that ^0^,02 is a map of 2-linear maps, we need 
to show that the following diagram is commutative 

Xi ® X2® x\ ® X2 '^^^''^ - (Xi e X'^ ® X2 

Cl,C2 Cl,C2 C1,C2 



A'ci,C2ffiMc^,C2 



/ici,C2 



(r ® )(2;i,x2)e(r ®){x\,x2) ^(e ®)(a;ie x^, X2) 

C\,C2 Cl,C2 51^ Cl,C2 

and a similar one for (^l*^^^ But by definition, 

and thus the commutativity of the previous diagram follows from condition (c.l3). 
We need to define a functor '■ ET,k — >■ P^(F, F; F). Suppose p, cr e and 
/ : p — > (T is the only morphism in FE^ from p to o". Using the action of Ejt we only 
need to define Sk{f) in the case of p = 1^. Thus we need to define a morphism on the 
category P^(F, F; F) from 5*^(1^) to Skic). Let's consider first the case where a is 
a transposition. Thus assume a = (m, n), where 1 < m < n < k. Take Ci, e 
and Xi an object of F(cj) for i = 1, ...,k. By definition we have 

Sk{o')ci,...,Ck{xi, Xfe) = F(T(^m,n),ci,cj){xi,...,m-i ® ® Xm+i,...,n-i ® a;„ 

Define Sk{f)ci,...,ck to be the following composite in the category P^(F, F; F) 

Xl,...,k — 2^1,...,m-l Xm <® Xm+l,...,n-l ^S) Xn <® Xn+l,...,k 

F{id (g) (8) id)(a;i,...,^_i (g) Xm+l,...,n-l <®Xm<®Xn<® Xn+l,...,k) 

F(id (g) (g) id)F(id (g) (g) id) 

(^l,...,m-l ® ^m+l,...,n-l ^ (g) (g) 

^ F(id (g) (g) id)F(id (g) (g) id)F(id (g) (g) id) 

(^l,...,m-l (g) (g) 3;^+l,...,n-l a^m ® ^n+l,...,A;) 
= i^(Ta)(x^(l),...,a(fe)) 

By condition (c.l4), this is well defined and agrees with any other composition 
of maps obtained by applying p to a sequence that starts in and finish in 

{!),.. .,a(k))- As any element of can be obtained by composition of 
transpositions, we see that we can extend this definition by using the action. This 
way we define Sk{f), where / is a morphism in ETik from Ijt to a. Using the 
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action we can extend the definition to all the morphisms in EHk- We need to verify 
that this way defined, we obtain functors 

This is done by induction on k. For k = and A; = 1 it is trivial as EHi is a 
discrete category. For k = 2 there are only two morphisms that are not the identity, 
namely, / : I2 — >■ ^ and its inverse. By condition (c.l2) we see that S2{f) o S2{f~^) — 
S2{f~^)oS2{f) = id. The case where k >2 follows easily by induction using condition 
(c.l4) and is left for the reader. We are left to prove that Sk respects the multiproduct 
on the level of morphisms of the categories ET,k and P^(F, ...,F; F). To see this, note 
that by the action and using properties Multi(3)-Multi(4) as in Theorem 24 we 
only need to prove that 

in the case where fi : Ij. Cj, and g : 1^ — >■ p. But for each G Os, for 1 < i < k 

and 1 < r < ji we have that both 

TpsiSkig); Sj,{fi), Sj^{fr))cii,...,c,j^ and Sj,+.+j^XTEj:S9; fi, fk))c^^,...,cui^ 

are obtained by successive applications of ji starting and ending in the same place. 
By (c.l4) it follows that these morphism have to agree. 

Finally, the fact that these correspondences are inverses of each other follows by a 
direct computation. □ 

The application of Theorem 25 that we are looking for is the following theorem. 

Theorem 26. If K -.V^Cis a fibered bipermutative category then for the associated 
functor : A we can find functors 

u,v 

for each pair u andv of objects of A, a unit 1 which is an object in ^'(O), distributivity 
maps 

dl^:{F®G)® {F' ®G)^{F® F') ® G, 
dr^^^ : {F ® G) ® {F ® G') ^ F ®{G (B G') 

' 2ii2i Mi2i ILiU 

and a natural transformation 

F^G^^{t^,u,v){G®F) 

u,v v,u 

satisfying conditions {c.l) — {c.l4) of Theorem 25. 

Proof: Let's begin by defining <S>u,v- Take u — {ui, Un) and v — {vi, v^) and 

r s 

F ^^Fa^---^Fin, and G = ^ G^i ® ■ • • O Gjm, 
i=i j=i 
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objects of ^(m) and ^(v) respectively. Define 

s r 

F ® G = ^ ^ Fa ® ■ ■ ■ ® Gji 



G 



u,v 



jm- 



j=l i=l 

In the case where v — (), we define 



n,0 ^ ^ 



••0 (Fi^^G). 

i=l i=\ 

Note that every object of C/m0w can be written in the form fQg = (/i, /„, gi, Qm), 
where / = (/i, fn) is an object of C/u and g = {gi, gm) and object oiC/y_. Then 
using the distributivity maps d} and dJ' of "D we can obtain a coherent isomorphism 

\fy.F{f)®G{g)^{F®G)UQg). 



For morphisms a : F ^ F' and j3 : G ^ G', define a ® f3 to he the base point 
preserving natural transformation defined by the following diagram 



(F®G)(/0£) 

u,v 

F{f) G{g) 



— a 



(F'®G')(/©£) 
F'{f)(^G'{g). 



Using the coherence of the distributivity map and the fact that these preserve the 
base point, we see that this way defined a (8) /3 is a base point preserving natural 
transformation. This defines the functor ®„,t,. 
We also need to define the distributivity maps 

: (F (0 G) ® (F' G) ^ (F ® F') ® G, 
(fuv ■■ {F G) ® {F ® G') ^ F 0{G ® G'). 



Given an object f Q g oi C/u Qvwe define {d\^^^) fQg by the following diagram 
(F ® G)(/ © ^) © (F' ® G)(/ © g) ^"^^ ((F © F') ® G)(/ © ^) 



F(/) © G(^) © F'if) © G(^) 



(F(/)©F'(/))©G(^). 



We define ^ in a similar fashion. 

This way defined ®u,v satisfies conditions (c.l) — (c.3) as similar conditions are 
satisfied in T>. We also have that for any objects 



i=l 



Fin and G = ^ G^i 



G 



jm 
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of ^(k) and ^(v) respectively, we have 

r 

s 

0„ (g) G = V • • • (g) 0„ ®Gji®---® Gj^ = OuQv 

and thus condition (c.4) is satisfied. 

We want to show next that if {q, /) : u' and (p, g) : v' are morphisms in 
A, then the following diagram is commutative 

'J{(T,/)x*(p,g) 



where p Q q : n + m — > + m' is the injective map that acts as q in the first n- 
elements and acts as p in the last m-elements. To show the commutativity of this 
diagrams suppose first that q — a & T^n ^-nd p — p & are permutations. Take 

r s 

F = ^ Fa ® ■ ■ ■ ® Fin and G = ^ Gji ® ■ ■ ■ ® Gj^ 

i=i j=i 

objects of ^{u) and ^(t;) respectively. Then by definition we have 

u',v' 

' r \ / ^ 



s r 



j=l i=l 

On the other hand, we have 

^{aQpjQg) (f ® G 

s r 



^^{a p, / ^) I J] J] Fa • • • Fi„ G,i • • • ® G 



jm 



= ^Y1 (/l-^^^-Kl) ® • • • ® fnFia{n) ^ QIG p-^{l) • • • g^Gip-i^ri)) ■ 

j=l i=l 

This shows that condition (c.5) is satisfied. In addition, as each ip{a,f) is strict 
map, and the distributivity maps are natural, this also shows that condition (c.6) is 
satisfied. A similar argument shows that the same is true for a general morphism in 
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{q, /) and (p, g) in A. 

We now want to construct a multiplicative unit 1. This is an object in ^'(O). By 
definition, the objects of ^(()) are the functors of the form F — Yll=i with Fj an 
object of Homc(C/ 0,T>). In particular, the functor 1 : C/() — > X> that sends the only 
object of C/{) to the unit 1 of P is an object of \&(()). We claim that this is a unit 
for ^u^y. Indeed, if F = Yli=i Fa'^ ' ' ' ^ Fin is an object in ^(m), then 

r 

F (g) 1 = V Fa ® • • • ® 1) = F 

and similarly l^o ^yG = G for any object G of \E'(w). This shows that condition (c.7) 
is satisfied. On the other hand, from the coherences in the category T> we see at once 
that conditions (c.8) — (c.lO) are also satisfied. 

We now want to study the symmetry of the functor ®u^v- Note that given objects 
u — {ui, ...,Un) and v = {vi, ■■■,Vm) of A, then the symmetry isomorphism t^,v,u ~ 
7® : vQ u ^ uQ V is given by the pair (^, id), where ^ e '^n+m is the permutation 
that interchanges the first m-block with the last n-block and id is the (n + m)-tuple 
of copies of id. With this in mind note that if 



s 



jm-) 



F ^^Fii®---®Fin and G = ^ G^i ® • ■ ■ ® Gj 

i=i j=i 

are objects of "i^lu) and \E'(t^) respectively, then we obtain 

(s r 
V V Gji • • • (8) Gj-^ Fii • • • (8) Fi. 
3 = 1 1=1 



m 



^^Fii ® ■ ■ ■ Fin ^ Gji ® ■ ■ ■ ® G^ 

j=i i=i 



jm 



and 



Define 



h,v G = ^ ^ Fa • • • Fi„ (g) Gji (g) • • • (g) Gjm- 

i=i j=i 



F®G^*(r^,,,„)(G®F) 

u,v v,u 



to be the natural isomorphism that rearranges the summation order; that is, fiu,v is 
an iterated application of the natural isomorphism 7® in V. With this definition, it 
follows by the use of coherence theory that the conditions (c.ll) — (c.l4) of theorem 
25 are satisfied. □ 

Corollary 27. A fibered bipermutative category A : V C gives rise to a multifunc- 
torTi : FE, ^ P-^. By composing with the multifunctor we obtain a multifunctor 
T : FE, ^ E5-^. 
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6. Model Categories 

In this section we use the machinery of closed model categories to rigidify a given 
multifunctor T : EH^, SiS^, as to obtain a multifunctor T' : * ^ EiS^, here 
£ is a general permutative category. The application that we have in mind is the 
multifunctor T : ET:^ — > EjS"^ provided by the previous corollary. Here * is the operad 
whose algebras are commutative monoids which can be seen as a multicategory with 
only one object. Later we show that having a multifunctor * SiS^ is equivalent 
to having a lax map £ T,S. Thus in the case of the T : ET,^, T,S-^ provided 
by the previous corollary, we obtain a lax map A — > S<S. Finally, we show that this 
map induces a lax map (C'^)~^C'^ — > T,S via a right adjoint in a Quillen equivalence 
coming from a lax map A (C°'^)~^C°^. 

The core of this section is to give a model structure to lSAiF2{Ai,S;IlS). This 
is done in [4] for the case that £ is the trivial category. In this case, the category 
MiF2(A^, £; E«S) is isomorphic to the category of multifunctors M. — > T,S. The case 
where £^ is a general permutative category follows by a straight forward modification 
of the construction in [4] . We include the proofs here for completeness following very 
closely the treatment in [4, Section 11]. Therefore no originality is claimed for this 
part of the work. The reader is suggested to read the beautiful work of Elmendorf 
and Mandell [4]. 

To begin, we recall briefly coflbrantly generated model categories and the positive 
model structure on symmetric spectra. For a complete discussion about coflbrantly 
generated model categories we refer the reader to [14] and [7] and for symmetric 
spectra [8] and [11]. 

Let A an ordinal and C a cocomplete category. We can see A as a category with 
a unique arrow f : x ^ y whenever x < y. By a A-sequence we mean a colimit 
preserving functor X : \ ^ C. We refer to the map Xq — > colim^<;^X^ as the 
composition of the A-sequence. 

Definition 28. Let I he a set of maps in a category C that is cocomplete. A map 
f : A ^ B in C is said to be a relative I -cell complex if there exists an ordinal A and 
a X-sequence X : A — > C such that f is the composition of X and for each (5 with 
/3 + 1 < A there is a pushout 

Cf3 ^ 

Dp ^ Xg+i 

such that gp G /. The collection of relative I-cell complexes will be denoted by I-cell. 

Thus a relative /-complex is a (possibly) transflnite composition of maps that are 
pushouts of maps in /. 

Definition 29. Let I be a class of maps in a category C. A map f is said to be I- 
injective if it has the right lifting property with respect to any map in I. We denote by 
I-inj. the class of I -infective maps in C. Similarly, a map f is said to be I -projective 
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if it has the left lifting property with respect to any map in I. We denote by I-proj. 
the class of I -projective maps in C 

Definition 30. A model structure on a small category C is said to be cofibrantly 
generated if there are sets I and J of maps such that the following conditions are 
satisfied. 

• The domains of the maps of I are small relative to I -cell. 

• The domains of the maps of J are small relative to J -cell. 

• The class of fibrations is J-inj. 

• The class of trivial fibrations is I-inj. 

Let us review now briefly tlie positive closed model structure on symmetric spectra. 
This is an example of cofibrantly generated closed model structure with generating 
sets that we denote by and J+. The set can exphcitly described as follows. 
For m > 0, let be the the left adjoint functor to the evaluation functor Evm from 
symmetric spectra to simplicial sets, then 

7+ = {FmdA[n]+ ^ FmA[n]+\m >0,n> 0}. 

Note that the maps in 7+ have small domain and codomain. The set J"*" can be 
described in a similar fashion, all we need to know is that all the maps in J"*" also have 
small domain and codomain. According to this, the positive closed model structure on 
symmetric spectra has as weak equivalences the stable maps of symmetric spectra; 
that is, the maps f : X ^ Y such that /* : [Y, E] — > [X, E] is a bijection for all 
injective f2-spectrum E. A map of symmetric spectra is a cofibration if and only if it 
is a retract of a relative 7+-complex and a map is an acyclic cofibration if and only if 
it is a retract of a relative J+-complex. The fibrations are the maps that satisfy the 
right lifting property with respect to the maps in J^. 

As mentioned before we want to rectify a multifunctor T : E'E* —>■ T,S^ as to 
obtain a multifunctor T' : * ^ J^S^ . As our first step, we give a closed model 
category structure to the category of multifunctors ET,^ T,S^ . To avoid any 
confusion we work in a general context. Thus let us fix a multicategory enriched 
over Cat which we can see as enriched over simplicial sets by taking the nerve. 
We will give a model structure to the category M(A^, SiS^) of multifunctors A4 
SiS^. As our first step, we identify the categories M(A^, and M.iF2{M,S; TjS) 

under the canonical isomorphism that sends a multifunctor F : Ai ^ TjS^ to the 
assignment F' : M. x £ ^ US defined by F'{m,c) = F{m){c). F' is a multifunctor 
in the first variable and a functor in the second variable and as explain before, this 
defines an isomorphism of categories. Next, we give a model structure to the category 
MiF2{M,S]ES). 

Let us denote by Om (rcsp. Os) the object set of M (rcsp. £). On the product 
category YIS'^-^^'^^ we have a closed model structure for every closed model structure 
on E5, in particular, we have a model category on coming from the positive 

model structure on EiS. We will show that the category 'WLiF2{Ai,S; EiS) can be seen 
as the category of algebras of a suitable monad on TjS'^-^^'^^ . Using this monad we 
will see that we can lift the positive model category on T,S^-^^^^ to the category 
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'MiF2{M.,S; This way we will obtain a cofibrantly generated model category 

on MiF2{M,£;J:S). 

To begin, consider the functor i(^a,c) '■ 5]<S — > E<S'^-^^'^^ for each object (a, c) e 
Om X Og, that is defined on objects as follows. Take X a symmetric spectrum, then 

/, _ / ^ if = (b,d) 

Similarly, is defined on morphisms. The functor L(^a,c) is precisely the left adjoint 
to the projection functor 7r((i c) '■ SiS*^-^^*^^ T,S. The positive stable model structure 
on E5^^^^^ is cofibrantly generated with generating sets lI'^ and iJ~^, where 

il+ = {L(^a,c)f\f e /+, (a,c) eOmX Oe}, 

iJ^ = {^(a,c)/|/ G (a,c) e X Os). 

Thus a map in EiS'^-^^^^ is a cofibration if and only if it is a retract of a relative 
/-/"•"-complex and a map in is an acyclic cofibration if and only if it is a 

retract of a relative tJ"'"-complex. 

Given (cj, d) e Ox x for 1 < i < n, we are going to use the notation 

F{ai,...,an;d) = F{ai,d) A • • • A F(^an,d)- 

With this in mind we have the following definition. 

Definition 31. For {b, c) e Om x Og and F : Om x Og ^ E5, let 

ai,...,an;<i) j / ^n- 
deOe,£{d,c)n>0 \ai,...,aneOM ) I 

Lei T) : F ^ DF be the map such that for {b, c) e Om x Os 

V{b,c) ■■ F^b,c) = h+ A ^ A^(6; 6)+ A F^b,c) ^ (Bi^)(M 

anc? : DDF — > DF is the map induced by the multiproduct in Ai and the composition 
in £. 

By a direct and standard computation, it follows that (D, /i, rj) is a simplicial monad 
on the category SiS^-^^'^^. Also, we see that a D-algcbra structure on an object of 
Y,gOM^c>£ jg equivalent to an assignment x £ — > E(S that is a multifunctor in the 
first variable and a functor in the second variable and that the simplicial category of 
D-algebras is isomorphic to MiF2(A^, £; E5). Finally, if we see D as a functor 

D : E5^^^^^ ^ MiF2(M,£:;E5), 

then D is left adjoint to the forgetful functor MiF2(Al, £] E5) E«S'^^^^^ 

Prom now on, if Oi, ...an,x,b e Om and for A; > 0, we will denote the (n + k)- 
morphism set Ai{ai, a„, x, x, b) with /c-copies of x by A4{ai, a„, x'^, 6). With 
this notation, note that in particular if F = L(x,y)^, for some {x, y) G Om x Oe and 
a symmetric spectrum X, then for (6, c) G x 

(D.(.,,)X)(,,,) = V \/-M(^";&)+ae„x(") 

£(y,c) n>0 
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One advantage of seeing MiF2(A4, E»S) as the category of D-algebras, is the fol- 
lowing lemma. 

Lemma 32. The category MiF2{M.,£;T,S) is bicomplete. 

Proof: Since MiF2(A^, T,S) is the category of algebras over a monad on a com- 
plete category, MiF2(Al, S5) is complete. On the other hand, it follows as in [2, 
Proposition 7.2] that D preserves reflexive coequalizers, thus by [2, Proposition 7.4] it 
follows that l\/liF2{Ai,S; SiS) is cocomplete with colimits formed in YIS'^-^^^^ as in 
[2, Proposition 7.4]; that is, given a diagram Fj of D-algebras, with structural maps 
: BFi Fi, let colim^Fj be its cohmit in T,S'^^''^^ and let fi'.Fi^ cohmFj be 
the natural maps. Also consider 

a : cohmDFi DcohmF^ 

the unique map in E«S^-^^^^ whose composite is the natural map DFj colimjDFj. 
Then the underlying object of the colimit of the Fj's in the category MiF2(Al, S; T,S) 
is the (reflexive) coequalizer in J]S^-^^'-^^ of 

D(cohmDFi) =r D(cohmFi), 

where one of the maps is D(colim^j) and the other map is // o Da. □ 
We are now ready to give the weak equivalences, fibrations and coflbrations for the 
positive stable model category in MiF2(A^, S; US). 

Definition 33. 

• A morphism in MiF2{J^, S; SiS) is said to be a weak equivalence if the un- 
derlying morphism in Y.S^^'^'^^ is a stable equivalence. 

• A morphism in MiF2{M., S; E5) is said to be a positive stable fibration if the 
underlying morphism in YIS^-^^^^ is a positive stable fibration. 

• A morphism in MiF2{A4,S;'ES) is said to be a positive stable cofibration if 
it satisfies the left lifting property with respect to the acyclic stable fibrations. 

In order to show that under these definitions wc obtain a closed model structure 
on NLiF2{Ai,S;TiS), we will show that this description is precisely the description 
of a cofibrantly generated model structure on MiF2(A^,^; E(S) with generating sets 
Di7+ and DtJ+, where 

mi+ ^{Bi^a,c)f\f e /+, (a,c) eOMX Os}, 

D6J+ ={Bi^a,c)f\f e J+, (a,c) eOM^ Os}. 

To do so, we will first characterize the positive stable fibrations and acyclic positive 
fibrations in the proposition below. 

Proposition 34. 

• A map in MiF2{Ai,S; SiS) is an acyclic positive fibration if and only if it has 
the right lifting property with respect to retracts of relative Jiil^ -complexes; 
that is, the class of acyclic positive fibrations equals Hil'^-inj. 
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• A map in MiF2{Ai,S; US) is a positive fibration if and only if it has the right 
lifting property with respect to retracts of relative B)lJ^ -complexes; that is, the 
class of positive fibrations equals B>LJ'^-inj. 

Proof: The result follows by the adjunction of D and the forgetful functor. We show 
the first result, the second part follows in a similar fashion. As explained before a 
map m is a cofibration if and only if it is a retract of a relative t/^-complex. 

Thus the positive stable acyclic fibrations on SsS^-^^*^^ are precisely the maps that 
satisfy the right lifting property with respect to retracts of relative t/"^-complexes. 
Thus by the adjunction of D and the forgetful functor, a map in NLiF2{A4,S; SiS) 
satisfies the right lifting property with respect retracts of relative Di/+-complcxcs if 
and only if the underlying map in EtS^^^'^^ satisfies the right lifting property with 
respect to retracts of relative t/^-complexes. □ 
The hardest part of showing that under the given definitions of weak equivalences, 
fibrations and cofibrations we obtain a closed model structure on 'WLiF2{M.,S; EiS) is 
the proposition below. Once wc prove it, all the properties of a closed model structure 
are easy to verify and follow by applications of Quillen's small object argument and 
by the adjunction of D and the forgetful functor. 

Proposition 35. A relative 3Lj^-complex is a stable equivalence. 

To prove this proposition we follow the same ideas used to prove [4, Lemma 11.7]; 
that is, we study pushouts in the category MiF2(A1, £; T,S) of the form 

for some {x,y) G Om x Os, f : X ^ Y morphism in E<S and g : i(x,y)X — > F 
morphism in HS'^^^^^ . 

We begin with the following lemma that helps us study certain coproducts in the 
category MiF2(>l,^; 

Lemma 36. Let C he a cocomplete category and (T, /i, 77) a monad in C that T pre- 
serves reflexive coequalizers. Given a T-algehra X with structural map '■ TX — > X 
and an object Y of C, the coproduct XJJTF in the category of T- algebras C[T] is 
computed as the reflexive coequalizer in C 

t{tx]]y) ^ t(xTTf) ^ p, 

J_L ^ J_L 

where 

a = fio T(T(ii II Ti2 o riy)), 
Moreover, P is the coequalizer of the previous diagram in C[T]. 
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Proof: By [2, Lemma 6.6] , we have that P is a T-algebra and that P is the coequahzer 
in C[T] of the diagram 

t(txTTf) 5 t(xTTf) ^ p. 

J_L ^ J_L 

As X is a T-algebra, we see that X is the coequahzer of the diagram 

MX 

TTX z4TX ^X. 



Moreover the maps 



h = T(iiTx) : TTX ^ T(TX ]Jy) 
k = T(iix) : TX T{X JJ Y) 



are so that the following diagrams are commutative 



TTX 

h 



IJ-x 



TX 

k 



TTX 

h 



TX 

k 



T{TXY[Y)—^T{XY[Y), 



T{TX U Y) ^ T(X U Y). 



By the universal property of the coequahzer, the previous diagrams guarantee the 
existence of a map ji : X — > P. Moreover, as both X and P are the coequahzers 
in the category of T-algebras, we see that this map is a map of T-algebras. On the 
other hand, we have the map j2 = T(i2) : TY T{XW_Y) which is also a map of 
T-algebras. By a direct computation one can see that P together with the maps ji 
and j2 satisfy the universal property of the coproduct in the category C[T]. □ 
Note that we can apply the previous lemma to the monad D, as is 
bicomplete and D preserves reflexive coequahzers. Thus if X is a symmetric spec- 
trum, (x, e Om X and F an object in MiF2(A^, then the coproduct 
F]J Dt(a;^j^)X in the category MiF2(A1, 8] S5) is computed as the reflexive coequal- 
izer in the category EtS*^-^^^^ 



(8) D(DFII.(,,,)X) =r D(fII.(,,,)X). 

We can rewrite this coequahzer in a better way using the fact that the functor 
— AX preserves coequahzers. Thus define TqF = F and for > 1, define T^F in 
j^^OmxOe gQ ^Yiat for {b,c) e Om x Oe, {TkF)^p^c) is the coequahzer in E«S of the 
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following diagram 



V V ( V Mia,,...,a^,x>';b)+ABF^a„...,a„;y) 

£{y,c)n>0 \ai,...,an£OM 

ai,...,an;y) I / ^n; 

£{y,c)n>0 \ai,...,aneOM // 

where one of the maps is induced by the algebra structural map : 3F F and the 
other is induced by the multiproduct in A4 and composition in S. Using the T^F's, 
we can rewrite the coequalizer (8) as to obtain that for a symmetric spectrum X, 
{x, y) G Om X Os and F an object in MiF2(A^, £] 115), the coproduct F ]\ ^i[x,y) in 
MiF2(A^, E5) is given by 

k>0 

We also use the T^'s as defined above to study pushouts of the form 

F l[ Di(,,,)X 



To do so, we will use the same construction Qi{g), for k>0,0<i<k and a map of 
symmetric spectra g : X ^ Y as in [4, Section 12]. We include it for completeness. 
The QfigYs are inductively defined as follows: QolS') = ^''^ Quid) ^ 
< i < k, define Qi{g) as the pushout square 

Ae,_,xe, X>'-' a QU{g) Ae,_,xs, X'^'^ A 



QU{g) Qtig) 

The Q^s are defined so that essentially, is the E^-subspectrum of Y^ with i factors 
of Y and k — i factors of X. We are now ready to describe our final construction. For 
an object F of MiF2(A1, £] E5), let Fq = F and for /c > let F^ to be the pushout 
in E5^^^°£ 

TfeFAs, gti(5)— T.FAs, Y^ 

Fk-i ^ Fk- 

Where the map in the top is the map induced by Qfc-ilfi') ^ ^^'i the map on 
the left is induced by i{x,y)x F. Let Fqo = colimFfc where the colimit is computed 
on EiS'^^^^^. The relevance of the F^'s is given in the following proposition which 
corresponds to [4, Proposition 12.6]. 

Proposition 37. F^ is isomorphic to the underlying object in E<S^-^^'-'^ of the 
pushout Uo,^,^,^x'^Hb,c)Y- 
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Proof: The proof goes by showing that satisfies the universal property of the 
pushout 

F W Di(;.,,)y 

in the category M.i¥2{M,S; □ 
With the given filtration F = Fq — >• Fi — >• • • ■ F^o of FJJjj^ ^"^i^p^c)^ we can 

(6,c) ' 

prove proposition 35. 

Proof of proposition 35. We want to show that if /i : X — > y is a relative Di J+- 
complex then h \s a, positive stable equivalence. We are going to consider first the 
special case where h is obtained as a pushout h : F ^ -^Uot x'^^i'-'^^y)^ ■• ^'-'^ ^ 
map / : X ^ y of symmetric spectra in J"*" and g : i^{x,y)^ F a, morphism in 
We have a filtration Fq = F ^ Fi — > • • • — > F^ as in the previous 
proposition such that h : F — Fq ^ F^o is the transfinite composition of the maps 
Ffc Fjfc+i. To prove that /i is a positive stable equivalence it's enough to prove 
then that each map F^ F^+i is a positive stable equivalence as the composition 
of (transfinite) acyclic positive cofibrations is again an acyclic positive cofibation in 
the positive stable model category. By [4, Proposition 12.6] we have that F^ — > F^+i 
is an objectwise level cofibration of symmetric spectra. Also note that the quotient 
Fk+i/Fk is naturally isomorphic to T^-^-iF As^.^^ (Y/X)''^^. As X ^ F is an acyclic 
positive cofibration it follows that Y/X is positive cofibrant and stably equivalent to 
*. Hence F^+i/Fk is stably equivalent to * in E»S^-^^^^. But as mentioned before 
Ffc Fk+i is an objectwise level cofibration and then we conclude that F^ Ffc+i is 
a stable equivalence. To finish the proof, note that we can write any relative 3lJ~^- 
complex as a retract of a possible transfinite composition of pushouts of the form 
we just considered. These are stable equivalences by the previous consideration. On 
the positive model structure a transfinite composition of stable equivalences is also a 
stable equivalence. This finishes the proof. □ 
With the proof of the Proposition 35 completed we can now move on to proving 
that we in fact have defined a model structure on NLiF2{M.,S;'ES). We start by 
constructing factorizations of morphisms in MiF2(A4, To do so, note that 

as mentioned before, the domains of the maps in and J"^ are small, this implies 
that the domains of the maps in Dt/"'",DtJ+ are also small. Therefore we can apply 
Quillen's small object argument as in [7, Theorem 2.1.14] to factorize a morphism / 
in MiF2(A1, SiS) in the form / = pi, where 

• i is in Di/^-cell and p is in Di/^-inj. or 

• i is in DtJ+-cell and p is in DtJ'*'-inj. 

By Proposition 34 a map in Di7+-inj is precisely an acyclic positive fibration and a 
map in DiJ+-inj is a positive fibration. Thus we obtain the following proposition. 

Proposition 38. 

• A map f in MiF2{M., S; T,S) can be factored as f = pi, where i is a relative 
'BlI'^ -complex and p is an acyclic positive stable fibration. 
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• A map f in MiF2{Ai, S; T,S) can be factored as f — pi, where i is a DiJ+- 

complex and p is a positive stable fibration. 

In order for these to be the required factorizations we need to prove the following 
lemma. 

Lemma 39. 

• A map in MiF2{M.,£; S5) is a positive stable cofibration if and only if it is 
a retract of a relative B>il^ -complex. 

• A map in MiF2{M., E\ S5) is an acyclic positive stable cofibration if and only 
if it is a retract of a relative 'BlJ'^ -complex. 

Proof: Let's prove the first assertion. Any retract of a relative Di/^-complcx satis- 
fies the left lifting property with respect to the class D<./+-inj. Thus by Proposition 
34 and the definition any retract of a relative Di7+-complex is a positive stable cofi- 
bration. On the other hand, take / a map that is a positive stable cofibration. By the 
Proposition 38, we can factor f = pi, where i is a relative ©^/"'"-complex followed and 
p is an acyclic positive stable fibration. But since / is a cofibration, by definition it 
follows that / satisfies the left hfting property with respect to p. By [7, Lemma 1.19] 
we have that / is a retract of i and thus / is a retract of a relative Dt7+-complex. 

The second assertion is proved in the same way. If / is a retract of a relative 
DiJ+-complcx then by Proposition 35 we have that / is a stable equivalence. Also, 
/ satisfies the left lifting property with respect to the class ]D)tJ+-inj. and thus by 
Proposition 34, / satisfies the left hfting property with respect to the class of positive 
stable fibrations, in particular / is a positive stable cofibration. On the other hand, 
take / a map that is an acyclic stable cofibration. By the Proposition 38, we can factor 
f = pi, where i is a relative Dt J^-complex followed and p is a positive stable fibration. 
By Proposition 35, i is a stable equivalence and so is /. Since stable equivalences 
satisfy the two out of three property we see that p is also a stable equivalence, hence 
p is an acyclic stable fibration. In particular / satisfies the left lifting property with 
respect to p and by [7, Lemma 1.19] we have that / is a retract of i and thus / is a 
retract of a relative DiJ^-complex. □ 

Combining Propositions 38 and 39 we obtain the desired factorizations as in the 
following lemma. 

Lemma 40. A map f in MiF2{M.,S;'ES) can be factored as f — pi, where i is a 
stable cofibration and p is an acyclic positive stable fibration or we can take i is an 
acyclic cofibration and p is a positive stable fibration. 

After proving these factorizations we are now ready to show that this choice of weak 
equivalences, fibrations and cofibrations gives rise a closed model category structure 
on the category MiF2{M,S; T,S). 

Theorem 41. There exists a model category structure on MiF2{Ai,S;TiS) whose 
weak equivalences are the morphisms that are stable equivalences, the fibrations are 
the positive stable fibrations and the cofibrations are the positive stable cofibrations. 
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Proof: We need to verify axioms MC1.-MC5. of [1, Definition 3.3]. We need to note 
first tliat it is clear by tlie definition that tlie classes of weak equivalences, fibrations 
and cofibrations contain the identity and are closed under composition. 

• MCI. By Proposition 32 we know that MiF2(A1,^; S5) has all small limits 
and colimits in particular those that are finite. 

• MC2. Since in YIS'^-^^^^ the two out of three property is satisfied, it follows 
at once that it is satisfied on NLiF2{M.,S; S5) 

• MC3. By the same reason as in MC2. retracts of weak equivalences are weak 
equivalences. Also by the characterizations of Propositions 34, 39 we see that 
fibrations and cofibrations are closed under retracts. 

• MC4. The cofibrations satisfy the left lifting property with respect to acyclic 
fibrations by definition. On the other hand by Propositions 34, 39 we have that 
fibrations satisfy the right lifting property with respect to acyclic fibrations. 

• MC5. The factorization properties follow by Lemma 40. 

□ 

Our next step toward rectifying a multifunctor T : i^S^, HS^ is to study the 
relationships between the previous model structure when we change the multicategory 
M.. To be more precise, we want to show that if / : — > M.' is a multifunctor 
between multicategories enriched over simplicial sets, then 

g* := (/ X id)* : MiF2(M', £; E5) ^ MiF2(A^, £; ES) 

is a right adjoint in a Quillen adjunction. Also we want to show that in the case that / 
is a weak equivalence between multicategories, then this Quillen adjunction is actually 
a Quillen equivalence. We will apply this to the particular case where Ai = EH,, and 
M.' = * as to get the desired rectification of the multifunctor T : ET.^ TiS^ . 
Once again we will follow very closely those ideas presented on [4] with only slight 
modifications as to adapt them to our situation. 

Suppose we have a nmltifunctor f : M. ^ M.' between two small multicategories, 
let O and O' be the object sets of M. and M.' . Also let D and D' be the monads on 
Y^gOM><Oe ^T^^ Y^gO^ixOe ^ induced by 7W and M.' respectively. By composing with 
g :— f X id, we obtain a functor between the product categories 

Tig : ^S'^M'XOS ^^S'^MXOs^ 

This functor has a left adjoint which we denote by Kg, 

An explicit formula for Kg is given as follows: if F : Om x Os ^ TiS, then 

(«ff-^)(6,c) = V F{a,c). 

Note that we can see the multifunctor f as a natural transformation 

KgB B'Kg. 

With this definition we can prove the following theorem. 
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Theorem 42. Let Ai and Ai' be multicategories enriched over simplicial sets and 
f : Ai ^ Ai' . Then there exists a functor 

left adjoint to g* such that the pair {g^,g*) forms a Quillen adjunction. 

Proof: For an object F of MiF2(Al, £] TIS) define g^F as the refiexive coequahzer 
of the following diagram 

D'/tgDF ^ D'/tgF g#F, 

where one of the arrows comes from the multifunctor / seen as a natural transfor- 
mation Kg3 WKg and the other arrow comes from the algebra structure map 
^F : DF — > F of F. It follows at once by the universal property of this coequalizer 
and the adjunctions that this way defined g^ is left adjoint to 

g* : MiF2{M',£;ES) MiF2(M, E5). 

On the other hand, it follows by the definition that g* preserves fibrations and acyclic 
fibrations. Thus by [1, Theorem 9.7] we get that the pair {g^,g*) forms a Quillen 
adjunction. □ 
We will see now that in the case that / is a weak equivalences of multicategories then 
this Quillen adjunction actually forms a Quillen equivalence. We begin by recalling 
the definition of a weak equivalence between multicategories from [4, Section 12]. 

Definition 43. Let Ai and M.' he two multicategories enriched over simplicial sets 
and f : Ai ^ Ai' an (enriched) multifunctor. We say that f is a weak equivalence 
whenever the functor ttq/ is an equivalence between the category of components and 
for all objects oi, a„, 6 of Ai, the map of simplicial sets 

Mi 0,1, ci^, 

is a weak equivalence. 

We show now that in the case where f : Ai ^ At' is a weak equivalence then the 
pair {g^,g*) forms a Quillen equivalence. 

Theorem 44. If f : Ai ^ A4' is a weak equivalence between multicategories enriched 
over simplicial sets, then the Quillen adjunction {g^,g*,) forms a Quillen equivalence. 

Proof: By [1, Theorem 9.7], we need to show that for every cofibrant object A of 
MiF2(A^,£^; S5) and every fibrant object B of T^S^'^^, a map h : g#A ^ S is a 
weak equivalence if and only if its adjoint j : A ^ g*B is a weak equivalence. By the 
Lemma 45 below, we know that h is a weak equivalence if and only if g*h is a weak 
equivalence. By definition, j equals the composite 

A^g g#A ^ g B 

where i/j : A ^ g*g^A is the unit of the adjunction. We show below in Theorem 
47 that whenever A is cofibrant ij) is positive stable equivalence. By the two out of 
three axiom we see that h : A ^ g*B is a weak equivalence if and only if its adjoint 
j : g^A ^ B is a. weak equivalence □ 
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Lemma 45. A map h : F ^ G in MiF2{A4',S;I]S) is a weak equivalence if and 
only if g*h is a weak equivalence in MiF2{A4,£; 

Proof: The proof is a straight forward generahzation of the proof of [4, Lemmal2.4]. 

□ 

Note that the initial object of MiF2(A1,£^; S5) is the assignment 

Mxs -^i:s 

{b,c) ^ M{;b)+AS. 

Definition 46. Let X an ordinal and F a cofibrant object of MiF2{M.,S]TiS). We 
say that F can be built in \- stages, if we can find a X-sequence 

X : A ^ MiF2(M,£;E5) 

such that Xq — A4{; — )+ A S, the initial object, and for each (3 with (3 < X there 
is a pushout 

Cfj ^ Xjj 

> ^13+1, 

such that is the coproduct of maps in ©t7+ and that Xq F is isomorphic to the 
trans finite composition Xq colimp^xXp. 

Note that if /9 < A and A can be built in /9-stagcs, then clearly A can be built in 
A-stages. We are now ready to prove the following theorem. 

Theorem 47. If A is a cofibrant object in MiF2(A^, ^; S»S), then the unit 

i^:A^ g*g#A 
of the Quillen adjunction {g^,g*) is a stable equivalence. 

Proof: The proof of this theorem is taken from the proof of [4, Theorem 12.5] 
with small modifications as to fit into our situation. Let ^4 be a cofibrant object in 
MiF2{M,S; S5). Then M{; -)+ A ^ A is a retract of a relative Dt/+-complex. 
It suffices then to prove the statement for the case where A can be built in A-stages 
for an ordinal A. The proof goes by transfinite induction on the stages that A can be 
built in. Thus we want to show that for every ordinal A and every cofibrant object 
that can be build in A-stages, the map 

: A ^ g*g#A 

is a stable equivalence. For A = 0, we have that a cofibrant object that can be build 
in 0-stages is isomorphic to — )+ A 5". In this case 

g*g#(M(;-UAS)^M\;-UAS, 

A = M{; -)+AS^ M'i; -)+ A 5 = g*g#A 

and the statement follows as / is weak equivalence. 
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We also need the case A = 1. In this case, a cofibrant object that can be built in 
1-stage is an object of the form A = DF, where F is an object in 115^^^^^ that is 
objectwise cofibrant. In this situation the map A — g*g#A equals 

DX g*I}KgX. 

By definition we see that for {b, c) G Om x 

deO£,£{d,c),n>0 \<,...<eO^, j=l aief-Ha'^) 

Where here {M.'^,^ .j^^-)) means M.'{a[, a^; /(&)). Since / is a weak equivalence, 
it follows that — > g*'BK,gX is a stable equivalence and thus the statement is true 

for A = 1. Suppose the statement is true for all ordinals f3 < \ and that A is a limit 
ordinal. Take a A-sequence X : A — > MiF2(7Vl, <^^; S5) with Xq = A4{; — )_|_ A S and 
with — )+ A 5 — >• colim^<AX^ isomorphic to Xq A. We have that 

(9) g*g#Xp = co\imf3^xg*g#Xf3 

and since each Xp can be build in /3-stages and /3 < A, the statement is true for 
Xq — ^ Xp and by (9) we see that the statement is true for X^ and hence for A. Thus 
we are left to prove the statement for /3 + 1 provided it's true for P and P > I. By 

a separate transfinite induction, this case reduces to showing that if A is a cofibrant 
object with A g*g^A a stable equivalence then the same is true for B, where B is 
obtained as the pushout in MiF2(7W,£^; T,S) of the following diagram 

Bi^^,y)X A 



^H^,y)Y ^ B. 

By Proposition 37, we have filtration = — > >li — > • • • — > Aoo — B, where each 
map Ak — > Afe+i is an objectwise level cofibration. The associated graded to this 
filtration is 

V Tu As, {Y/Xf. 

k>0 

Note that this is isomorphic in EjS'^-^^^^ to the underlying object of 

^]J%.,,)(F/X). 

Let A' = g^A and B' = g^B. Note that 

For B' we also have a filtration A' = A'^^ ^ A[ ^ ■ ■ ■ ^ A'^ = B', where each map 
A'l^ —>■ is an objectwise level cofibration and whose associated graded is isomor- 
phic in ES^M'xOe to ^']J©'t(j(^) y)(F/X). The map B g*B' = TTgB' preserves the 



60 



JOSE MANUEL GOMEZ 



given filtrations. Also the map of associated graded is 

AUD.(.,,)(y/X) ^ 7r,(A']jDV(.),.)(^/^)) ^ 9*9#{Al[BL^,,y)(Y/X)), 

and we that this is a stable equivalence. This follows from the fact that the cofi- 

brant object A]J]D)/.(2,.,y)(F/X) can be built in f3 stages. Indeed, suppose W : (3 ^ 
yi{F2{M.,£] is a /3-sequence such that Wq — M.{; — )+ A S and for each 7 with 
■y + 1 < (3 there is a pushout 

^W^ 

such that is the coproduct of maps in Dt/+ and that Wq ^ A is the transfinite 
composition Wq —>■ colim^<^iy^. Let W' : (3 — > MiF2(A^, ^; 25) be the /3-sequence 
defined as follows: Take Wq = M{; — )+ A 5", define Wl as the pushout of the diagram 

CoUM{;-UAS ^W^ 

'I w 

Thus W{ = WiU 3L(^^^y){Y/X). In general define for 7 > 2 

iy; = iy,]J (F/X). 
This way defined we see that for all 7 < M^-^+i is the pushout of 

^W!^ 

D,^w;^,. 

By the induction hypothesis, it follows that 

is a stable equivalence. Since each map Ak — > Ak+i, and A'^. — > A^+i are objectwise 
level cofibrations and the map of associated graded is a stable equivalence we have 
that each map Ak — > UgAk is a stable equivalence. Prom here we conclude that 
B — > TigB' ^ g*g#B is a stable equivalence. □ 

Corollary 48. A multifunctor T : EE^ ES^ gives rise to a multifunctor T' : * ^ 

Proof: Consider the multifunctor / : EH^, * that sends every /c-morphism in 
EJ^k to the only fc-morphism in *. This defines trivially a multifunctor between 
multicategories enriched over simplicial sets. (We see ET,^ enriched over simplicial 
sets by taking the nerve of the category ET,k, for A; > 0). Note that for every k >0, 
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the geometric realization of El^k is contractible and thus / is a weak equivalence 
between the multicategories Ai = ET,^ and Ai = *. By Theorem 44, we have that 
the functor := {f x id)# is a left adjoint in a Quillen equivalence. Let T' — 9#{T), 
then T" : * — > E<S^ is the required multifunctor. □ 
We show in the following proposition that such a multifunctor structure is equiva- 
lent as having a lax map F : 8 ^ TiS. 

Proposition 49. Having a multifunctor L : * ^ E»S^ is equivalent as having a lax 
map F : £ ^ S5 

Proof: Suppose we have a multifunctor L : * — > E<S^. The multicategory * has 
only one object so we consider F : S ^ T^S the image under L of this object. Thus 
F : £ ^ S5 is a functor. On * we have a unique 2-morphism, let (p ^ S»S^(F, F; F), 
be the image of this morphism. Unraveling the definitions we see that is a 2-linear 
natural transformation, thus for every objects Ci, C2 of £ we have a map of symmetric 
spectra 

: F(ci) A F(c2) F{ci (g) C2). 
The collection of maps {0ci,c2} satisfy the naturality condition as in Definition 20. 
Suppose that f : ci ^ c'l, g : C2 ^ c'2 are morphisms in £. Then the following 
naturality condition must be satisfied 

F(ci) A F{C2) F(c;) A F{c',) 



F{ci (g) C2) F{c'i ® 4) 

This means that the map 0ci,c2 • F{ci) A ^(02) — > F(ci ® C2) is a natural map. On 
the other hand, * has a unique 0-morphism, let 77 e E(S^ be the image of this unique 
0-morphism. Then 1] : S ^ F(l), where here 5" is the symmetric sphere spectrum. 
The maps 77, satisfy some coherences coming from the fact that L preserves the 
multifunctor structure, for example if a G S2 is the nontrivial element, then = a*(j), 
this means that for every objects Ci, C2 in £, the following diagram is commutative 

F(ci) A F(C2) — F(C2) A F(ci) 



F{ci ® C2) ^^^^ > F(c2 (8) ci) 

here a is the natural isomorphism in symmetric spectra that changes the factors and 
7 is the natural isomorphism coming from the permutative structure on £. The other 

coherences for a lax map are obtained in a similar way. 

Conversely, suppose that F : £ ^ S5 is a lax map. Thus we have a natural maps 
Tj : S ^ F{1) and (pci,c2 '■ F{ci) AF(c2) — > F{ci ® C2). Then using the coherences that 
these maps satisfy we see that the assignment 

L : * ^ 
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that sends the unique object of * to F, the unique 0-morphism to 77 and the unique 
2-morphism to (p defines a multifunctor. □ 
According to Corollary 48 and Proposition 49, a multifunctor T : ET,^ — > T,S^ can 
be rectified as to obtain a lax map '& : £ ^ YIS. In particular, the multifunctor T : 
EYi^ — s> SiS-^ induced by a bipermutative category of fibers K ■.T> ^ C, induces a lax 
map d : S5. We show now that this lax map induces a lax map (p : E»S. 

We show this in the following corollary. 

Corollary 50. A fibered bipermutative category A : V ^ C induces a lax map (j) : 



Proof: We have already seen that A : I> ^ C a lax map : ^ — > US. Recall that 
the category A has as objects the sequences u = (ui, and as morphisms the 

tuples {q, f) : V, where q : mis an injection and / : q^u — >■ v is a morphism 
in (C^)'". We have a functor W : A ^ defined as follows. Given an object u of 
A, then 

If {q, f ) : M — >■ w is a morphism in A, then / : q^u — > w is a morphism in [C"^)"'-^ 
thus fi : u[ ^ Vi is a morphism in C^, where u[ is either 1 or one of the lij's. 
In particular note that ^'^^u'^ = ®j=iMcr(j) for some permutation a e E„. Define 
W((c7,/)) : W{u) yV{v) to be the following composite in 

Ui®---®Un ® ■ ■ ■ ® M(T(n) = Ml ® ■ ■ ■ ® Mm ^ Vi ® ■ ■ ■ ® Vm- 

Where Tcr^ui,...,un '■ ui® ■ ■ ■ ® Un ^ M(t(i) ® ■ ■ ■ ® Ua(n) is the coherence isomorphism 
given by 7 in C"^. 

We claim that this functor is a strict map of permutative categories. Note that by 
definition it follows that W{uQv) = yV{u) ®yV{v). On the other hand, given u and v 
object in A, the symmetry isomorphism in A is given by 7 = {C,n,m, id) : u&U ^ 0m, 
where ^n,jn G ^n,m is the permutation of {n + m)-letters that interchanges the first 
n-block with the last j-block. By definition and the coherence of the we see that 
W((^n,m, id.)) : Ml ® • • • ® Un t'l ® ■ ■ ■ ® Vm ^ Vi ® ■ ■ ■ ® Vm ® Ui ® . . . ® Un cquals the 
isomorphism given by 7 in C"'\ Thus we see that W is a strict map. In particular, 
we can see A and as multicategories and a lax map between them is precisely a 
multifunctor. Thus W is an object in M.{A,C°p). If we take M = A, M' ^ C°p, 
f — yV and £ the trivial category in Theorem 42 (which in this case agrees with [4, 
Corollary 12.3]) then we see that the functor 

W* : M{C°P, E«S) ^ M(^, E5) 

has a left adjoint 

W# : M(^, E5) ^ M{C°P, E5) 

such that the pair (W#, W*) forms a Quillen adjunction. Thus the image of the lax 
map -& : A^ E«S which we call : — > E«S is a lax map. □ 
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7. Group completion 

In this section wc show that a lax map (j) : — > EiS gives rise to lax map 0' : 
{C°^)~^C°^ SiS. (Here (C"^)^^C"^^ denotes the Grayson-Quillen group completion of 
C°P). In particular the image of the identity is a strictly commutative ring spectrum 
which is the ring spectrum we are looking for. We begin by recalling the definition of 

Definition 51. Let (P, ©, 0) be a small symmetric monoidal category. Then the 
group completion ofD is the category whose objects are the pairs {a,b) , where 

a,b are object ofV. The pair {a,b) is thought of as the formal difference b — a. If 
{a,b), {c,d) are two objects in V^^V, then a morphism in V~^V, f : (a, 6) — >• {c,d) 
is an equivalence class of data of the form {s,a,j3), where s is an object in V and 
a: a®s^c, P: b®s^d are morphisms in D. Two pairs (s, a, 13), (s', a', are 
equivalent if there exists a morphism ^ : s ^ s' , such that the following diagrams are 
commutative 



a®s ^ c, 1,0) s ^ d 




a © s' b®s' 



If in T> every morphism is an isomorphism and for every object a of "D, the functor 
a © — : ^ "D is faithful then the functor i : V ^ T>^^T> that assigns to every object 
a the object (0, a), gives rise to a group completion on the level of classifying spaces. 
See [15] and [6] for a complete treatment. The following lemma follows by a straight 
forward computation. 

Lemma 52. Let {V, ©, 0) be a small permutative category for which every morphism 
is an isomorphism. Then T>~^T> is also a permutative category and the map i : D — > 
T>~^T> is a (strong) lax map. 

As a particular case of the previous lemma, we have that the map i : — > 
^^op^-i^op jg ^ jg^jj map for a permutative category C. Since C°^, {C°^)^^C"'^ are per- 
mutative categories, we can see them as multicategories and a lax map between them 
is precisely a multifunctor. Thus i is an object in the category M(C°p, (C°p)"^C°p). If 
we take M = Cp, M' = {C"p)-^C"p, f ^ i and C°p in Theorem 42 (which in this case 
agrees with [4, Corollary 12.3]) then we see that the functor 

r : M((C°^)-V°^,E5) ^ M(C''P,E5) 

has a left adjoint 

i# : M(C:°^S5) ^ yi{{C"p)-^c°p,T.s) 

such that the pair {i^,i*) forms a Quillen adjunction. We have proved the following 
theorem 

Theorem 53. A discrete fibered symmetric bimonoidal category A : D — >• C gives rise 
to a lax map (j)' : {C°p)~^C°p — > E<S. In particular we can associate to A : T> ^ C the 
image of 1 under (f)' which a strictly commutative symmetric ring spectrum. 
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8. FUNCTORIALITY 

In this section we show that the assignment of Theorem 53 is functorial. 

Definition 54. Suppose that A : D — > C and A' : X>' — > C are two discrete fibered 
symmetric bimonoidal categories. A morphism from A : V ^ C to A' : V ^ C is a 
functor Q : V ^ V such that 



A 

c 

is a commutative diagram. In addition, we require that Q is a lax map with respect 
to the operations (g) and for each object c of C, the restriction Q\Vc '■ ~^ ^Q{c) ^ 
lax map with respect to the operations © and (Be- 

Definition 55. We denote by J-'S the category of discrete fibered symmetric bi- 
monoidal categories and morphisms between them. 

We want to show that the assignment of Theorem 53 is functorial. To begin, 
suppose that A : D — > C and A : — > C are two objects in J^S and Q : V ^ V a. 
morphism between them. Then after the streefication process, the functor induces a 
strict map : V"^ ^ V^. The next step of the construction is to correspond functors 
\P and : to A'' -.V ^ C and A* : V"' -> C respectively. Here ^ is a certain 

wreath product category as defined on section 3 and P is the multicategory of small 
permutative category. Using the map 6*, we can obtain a multifunctor H : P — > P by 
defining it to be trivial for those permutative categories not in the image of ^. The 
multifunctor S is such that the following diagram is commutative 

A -P 




P. 



After this we apply the multifunctor K and obtain a commutative diagram of 
multifunctors 

ET., ES^ 




The rectification performed on section 6 can be done in a functorial way and thus 
after passing to the completion we obtain a commutative diagram of lax maps 

<P't> 




E5. 
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In particular, by looking at the image of the unit, we obtain a map of symmetric 

spectra 

(10) 0^(1)^0^,(1). 
Thus we obtain the following theorem. 
Theorem 56. There is a functor 

Z:j^s^ liens 

that for a discrete fibered symmetric bimonoidal category A : D — > C corresponds 
2{A), the image of the unit under the lax map 

If Q : V V is a morphisms of discrete fibered categories, then Z{Q) is the mor- 
phism of symmetric spectra 

Z{A) Z{A') 

as in (10). 

9. The definition 

In this section we define the concept of topological fibered symmetric bimonoidal 
categories and show that to such each object we can correspond an E^-Yiwg spectrum 
in a functorial way. This spectrum is our ultimate goal. 

Definition 57. A topological fibered category is a fihered category A : "D — » C, where 
V and C are topological categories and the functor A is a continuous functor that 
satisfies the same properties than a discrete fibered category in such a way that all the 
functors insight are continuous. 

In a similar way as in the discrete case we can form the category TJ^S of topological 
fibered symmetric bimonoidal categories. 

Remcirk 58. Whenever we talk about a topological category we mean a small category 
C whose object set is discrete and its morphism set is topological space in such a way 
that the structural maps are continuous. 

Suppose now that A : D — > C is a topological fibered symmetric bimonoidal cat- 
egory. By applying the singular functor from topological spaces to simplicial sets 
on the level of objects and morphism, we can see a topological fibered symmetric 
bimonoidal category as a functor 

that is, we can see a topological fibered symmetric bimonoidal category as a simpli- 
cial object in the category !FS. By composing D with we can correspond to a 
topological fibered symmetric bimonoidal category a functor 
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where TjCIZS is the category of strictly commutative symmetric ring spectrum. By 
reahzing this simphcial object we obtain an E'oo-ring spectrum. Since this construction 
is functorial we finally arrive to the following theorem. 

Theorem 59. There is a functor 

3 : TJ^S ^ 

where £oo is the category of E^-ring spectra, that for a topological fibered symmetric 
bimonoidal category corresponds the realization of the simplicial object in the category 
TiCTZS as mentioned above. 
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